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a b s t r a c t

Elastic metamaterials (EMMs) encompass a relatively new class of composite materials
that exhibit unique dynamic effective material properties and possess the ability to
mitigate or even completely inhibit the propagation of acoustic/elastic waves over specific
frequency spectrums (band gaps). However, it is extremely difficult to achieve broadband
energy absorption with single resonance based EMMs. Dissipative EMMs with multiple
resonators have recently been suggested for the attenuation of elastic wave energy
spanning broad frequency spectrums. In this study, we fabricate a dissipative EMM with
multiple resonators comprised from layered spherical inclusions embedded in an epoxy
matrix and experimentally demonstrate broadband elastic wave mitigation. An analytical
solution combined with numerical simulations is used to validate the accuracy of the
fabrication based on a single unit cell test. We also numerically investigate the dynamic
wave dispersion behavior of the fabricated dissipative EMM and find that the two strong
attenuation regions induced by the two internal resonators can be effectively combined
into a broadband wave attenuation region by the intrinsic damping properties of the
constitutive materials used in the design. This broadband wave attenuation is finally
demonstrated through an impact test performed on finite EMM samples where the fre-
quency spectrum of the transmitted amplitude is in very good agreement with the nu-
merical results. This design can be easily scaled and implemented into different length
scales, which will benefit a range of applications requiring broadband vibration, elastic
wave, and/or seismic wave mitigation.

© 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Metamaterials comprise a relatively new field of composites research which derive their unique effective material
properties from a specially engineered microstructure rather than the conventional materials used in their fabrication. These
non-naturally occurring material properties were first considered in the field of electromagnetics inwhich the possibility of a
material possessing simultaneously negative permittivity, ε, and permeability, m, was proposed [1]. Analogous to their
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electromagnetic counterparts, acoustic/elastic metamaterials (EMMs) have more recently been explored [2] for their appli-
cations including blast wave mitigation [3], seismic wave protection [4], enhanced flexural wave sensing [5] and many other
applications involving the manipulation of elastic/acoustic wave propagation. By specially designing substructures in single-
or multi-phase materials, a locally resonant mechanism can be created to allow frequency dependent effective material
properties. Based on this local resonance concept, EMMs are capable of exhibiting frequency band gap regions, or, regions in
which the propagation of acoustic and/or elastic waves is prohibited. Methods towiden these regions have been proposed for
phononic crystals where it has been numerically demonstrated that the band gaps formed by Bragg scattering and local
resonance can be combined to achieve wider band gap regions [6e8]. The first experimental demonstration of a locally
resonant acoustic metamaterial was carried out by Liu et al. [9], in which locally resonant unit cells consisting of lead (Pb)
spheres coated with a compliant silicone rubber were arranged periodically in an epoxy matrix. It was experimentally
demonstrated that the effective medium produced strong sound attenuation regions restricting the transmission of incident
acoustic waves. More recently, locally resonant granular chains constructed with internal resonators have been used to
experimentally demonstrate elastic wave band gap behavior [10].

Although the local resonance mechanism exhibited by EMMs has been extensively studied, it was not until recently that
the effects of damping on the dynamic behavior and overall effective energy attenuation was considered [3,11e16]. This
phenomenon, termed “metadamping”, can help to address a key weakness of conventional non-dissipative EMM micro-
structural designs where the band gap region(s) are usually relatively narrow and only present near the local resonance
frequency of the microstructure. By including dissipative properties into a conventional multi-resonator EMM microstruc-
tural design [17e19], it was numerically demonstrated that the two band gap regions could be effectively merged into a single
broadband absorption region by carefully selecting the dissipative parameters [3]. This means that broadband energy ab-
sorption can be achieved without the need to adjust the local resonant frequency of the EMM microstructure, which would
require physical modification and is therefore unrealistic.

Here, we propose an EMM microstructure design capable of energy absorption over a broad range of frequencies by
incorporating dissipative constituent materials in the metamaterials microstructure. The goal of this work is to experi-
mentally validate the metadamping concept for a multi-resonator EMM unit cell design comprised from five constituent
materials with highly contrasting material properties making their arrangement equivalent to mass-spring-damper com-
ponents. Experimental analysis is conducted to measure the dynamic response of a single multi-resonator unit cell. The
experimentally measured frequency response is then compared with those obtained from analytical modeling. Investigation
of themulti-resonator unit cell band structure andwave attenuation properties over a frequency range of 0 kHze8 kHz is then
carried out via dispersion relations obtained from numerical modeling using the finite element method. Finally, experimental
transmission testing is conducted for lattices consisting of five and ten unit cells to demonstrate the broadband energy
attenuation mechanism and compared with the numerical results.

2. Multi-resonator metamaterial design and fabrication

The final microstructural design was influenced by two key parameters. The first is the previous obtained results from
numerical modeling of a dissipative multi-resonator microstructure with respect to the broadband wave attenuation per-
formance. The second was based on the commercially available lead (Pb) sheet thicknesses to allow for in-house forming of
the relatively “soft” hemispherical metal layers. The final design geometry is illustrated in Fig. 1, where a 4mm diameter
Fig. 1. Multi-resonator unit cell (a) three-dimensional rendering where material 1¼4mm diameter tungsten sphere, material 2¼ 2mm thick urethane rubber
coating, material 3¼ 0.4mm thick lead-mass layer, material 4¼ 2mm thick silicone rubber coating, material 5¼ rigid epoxy matrix and (b) cross-section with
geometric parameters.



Fig. 2. Fabricated multi-resonator unit cell used in experimental analysis (a) cross section of fabricated unit cell and (b) final fabricated unit cell embedded within
epoxy matrix.

M.V. Barnhart et al. / Journal of Sound and Vibration 438 (2019) 1e12 3
spherical tungsten core coatedwith a 2mm thick layer of urethane rubber is encapsulated by a 0.4mm thick layer of lead (Pb)
coated with a 2mm thick layer of silicone rubber. The layered spherical inclusion is finally embedded within an epoxy matrix
with a lattice constant of 15mm. For clarity, an illustrative rendering as well as a cross-section of the final multi-resonator
unit cell with geometric parameters are shown in Fig. 1(a) and (b), respectively.

To realize a physical multi-resonator metamaterial structure, more recent as well as traditional manufacturing methods
were employed including three-dimensional (3D) printing, “room-temperature” injection molding and metal stamping/
pressing. The initial step involved coating 4mm diameter tungsten spheres with a 2mm thick coat of Simpact® 60A urethane
rubber using 3D printed molds designed to coat the spheres one side at a time. Once the innermost tungsten core was fully
coated, two 0.4mm thick hemispherical shells of lead were attached with superglue to fully encapsulate the urethane-
tungsten structure. The hemispherical lead shells were fabricated by stamping disks from a piece of lead sheet before
pressing the disks into a hemispherical shape using a specially machined tool and die. The outer silicone rubber (Mold Star®

16A FAST) layer was added using the same technique used for the inner urethane rubber coating and slightly larger 3D printed
molds. The final unit cells (shown in Fig. 2(b)) were then embedded within a rigid epoxy matrix of EpoxAcast® 690 using
specially fabricated molds. For a comprehensive step-by-step outline of the unit fabrication process, please see section S.1 in
the Supplementary Materials.
3. Experimental setup and testing

Two experimental approaches were used to demonstrate the dynamic properties of the multi-resonator metamaterial
design. The first method was to measure the frequency responses of a single multi-resonator unit cell using an LDS® 201
permanentmagnet shaker as the excitation sourcewith an accelerometer (Bruel& Kjӕr Type 4516)mounted on the top of the
sample as shown in Fig. 3 below. The shaker was fixed to an optical table (Thorlabs T48H) to insure isolation from outside
disturbances during experimental measurements. In the single unit cell experimental testing, a white noise excitation signal
Fig. 3. Experimental setup used to measure individual unit cell responses.



Fig. 4. Experimental setup used to measure transmission coefficient under impact excitation.
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was generated using a Bruel & Kjӕr PHOTON þ dynamic signal analyzer and then amplified with a LDS PA25E power
amplifier which drives the shaker excitation signal over the frequency range of 0 kHze8 kHz.

The second experimental approach shown in Fig. 4 was used to measure the transmission properties through a finite
lattice of multi-resonator unit cells embeddedwithin a rigid epoxy block. It should be noted that this experimental designwas
inspired by previously presented work investigating the transmission of elastic waves through locally resonant metamaterial
and phononic crystal lattices [10,20e24]. Four low friction Delrin rods were used to constrain the displacement to a single
direction. Two piezoelectric force transducers attached to the two sides of the sample were used to measure the input and
transmitted signals through an empty epoxy block and five- and ten-unit cell multi-resonator lattices. A 1 ft (0.3048m) steel
rodwith a diameter of 15mmwas placed on top of the lattice specimen to act as an incident signal bar. It should be noted that
a 15mm diameter brace for the piezoelectric force transducer were also fabricated using 3D printing to ensure that mea-
surements were limited to a single direction.
4. Results

4.1. Validation of fabrication

Our initial analysis is to validate the accuracy of the fabricated unit cell by comparing the experimental frequency response
of a single multi-resonator unit cell to the response obtained from an analytical model. To obtain the stiffness and damping
properties (storage and loss modulus) used in analytical and later numerical modeling, dynamic material analysis (DMA) was
conducted usingmultiple physical material samples of the silicone rubber, urethane rubber and epoxy resinmaterials used in
the construction of the unit cells (ASTM D4065, D4440, D5279). Examples of the results obtained from DMA testing can be
found in the S.2 Supplementary Materials which were each tested at 150 Hz. Another benefit of conducting the DMA testing
for the elastomers and epoxy used in the experimental specimen construction is to obtain accurate damping properties of the
real materials. This is given by the ratio between the loss modulus and storage modulus of the material to compute the loss
coefficients of each material used in the unit cell construction. The loss coefficients used in the following analytical modeling
for the silicone and urethane rubbers components are given as h2 ¼ hsilione ¼ 0:12 and h3 ¼ hurethane ¼ 0:25, respectively.

To approximate the stiffness parameters that will be used in the analytical frequency response analysis, the commercial
finite element software COMSOL Multiphysics is employed to conduct 3D eigenfrequency analysis. In the 3D numerical
Table 1
Material parameters used in numerical simulations.

Epoxy Lead Tungsten Silicone Rubber Urethane Rubber

Modulus of Elasticity, E (GPa) 3.0 16.0 410.0 0.00265 0.004
Poisson's Ratio, n 0.33 0.4 0.28 0.49 0.49
Density, r (kg/m3) 1100 11350 17500 1000 1000



Fig. 5. Analogous mass-spring-damper representation of multi-resonator unit cell.
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eigenfrequency study, the material parameters for the Young's moduli (neglecting damping) were defined as those obtained
from DMA testing while the densities were directly measured using weight-to-volume ratios which are listed in Table 1. The
resonant frequencies for the two longitudinal modes of themulti-resonator unit cell are calculated and shown in Fig. 6, where
the corresponding mode shapes are also illustrated. The spring-stiffness parameters can be approximated by fitting the
resonant frequencies of the lumped model with the values obtained numerically. We begin to formulate our analytical model
by considering an analogous mass-spring system shown in Fig. 5, where the stiffness coefficients k2 and k3, and damping
coefficients c2 and c3, represent the outer 2mm thick silicone rubber coating and the innermost 2mm thick urethane rubber
coating, respectively. Similarly, the masses m2 and m3 denote hemispherical lead layer and inner-most spherical tungsten
mass, respectively.

The undamped equations of motion for the system can then be readily obtained as

mB
€uB þ 2k2½uB � u2� ¼ fr (1a)

m2
€u2 � 2uBk2 þ 2u2½k2 þ k3� � 2u3k3 ¼ 0; (1b)

m3
€u3 þ 2k3½u3 � u2� ¼ 0; (1c)

where uB, u2 and u3 represent the displacements of the epoxy matrix base, middle mass and innermost mass, respectively,
and fr denotes the excitation force.

Taking the harmonic solution for the displacements given in Eq. (1), the system of equations can be rewritten in a matrix
form as
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where UB, U2, U3 and Fr are the complex amplitudes of the displacements corresponding to each of the three rigid bodies and
the excitation force. By imposing UB¼ 0, the two local resonant frequencies can be obtained by solving the resulting system of
equations given as

�����u2m2 þ 2ðk2 þ k3Þ �2k3
�2k3 �u2m3 þ 2k3

���� ¼ 0: (3)
The mass values were directly measured asmBz 2.5 g,m2 z1 g andm3 z 0.6 g. Letting u1 ¼ 2pfn;1, and u2 ¼ 2pfn;2, the
spring stiffnesses k2 and k3 can be determined. Finally, the approximate stiffness parameters and knownmass parameters are
listed in Table 2, which can be used to validate the unit cell fabrication analytically based on single unit cell dynamic tests.

To analytically model the multi-resonator unit cell shown in Fig. 1(b), an analogous mass-spring-damper system is
considered as shown in Fig. 5. The equations of motion for the three degree-of-freedom (3-DOF) unit cell can be written as

M
v2u
vt2

þ Ku ¼ F; (4)

where



Fig. 6. Numerically obtained multi-resonator unit cell mode shapes (longitudinal).

Table 2
Mass and stiffness parameters used for analytical modeling.

Continuum media Outer epoxy
block

Lead (Pb) hemispherical
layer

4mm diameter
tungsten sphere

2mm thick silicone
rubber layer

2mm thick urethane
rubber layer

Masses (grams) Spring constants (N/m)

Mass-spring analogy mB m2 m3 k2 k3

2.5 1.0 0.6 3.7675� 105 1.3509� 105
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M ¼
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CCA; h2 ¼ uc2

k2
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k3
;

(5)

and FA is the applied force on the base.
Analytically calculated frequency responses of mass displacement amplitudes are shown in Fig. 7(a)e(c). It should be

noted that the resulting displacement of the outermost mass (UB) is normalized with respect to the displacement amplitude
of an empty block case where uB0 ¼ 1=mBu

2. Along with the mass and stiffness parameters listed in Table 2, the material
damping properties obtained from DMA testing are included in the stiffness matrix as imaginary coefficients with different
degrees of damping amplitude shown in the response curves.

In the top of Fig. 7(a), two zero-displacement dips of the outer epoxy block (UB) are clearly visible at ~2700 Hz and
~5500 Hz which correspond to the two resonant frequencies of the internal masses (m2 andm3) denoted by the displacement
peaks shown Fig. 7(b) and (c). As the damping is gradually increased in the system to 100% (h2 ¼ 0:12, and h3 ¼ 0:25), it is
clear in Fig. 7(a) that the response peaks and dips of the outer epoxy block are significantly suppressed. This is also apparent in
the experimentally measured response shown in the bottom of Fig. 7(a) which shows reasonable agreement with the
analytically obtained displacement curve. As the damping coefficients are gradually increased we see that the dips and peaks
becomes increasingly weak and nearly flat for the experimental damping coefficient values. This makes experimental ob-
servations extremely difficult, as it is not possible to adjust the damping coefficients in the experimental case. Therefore, it is
not surprising that the experimental results in Fig. 7 do not have clear dip-and-peak features due to the strong internal
damping properties.



Fig. 7. (a) Comparison between analytically obtained (top - solid black line) and experimentally measured (bottom - blue circles) frequency responses, (b)
analytically obtained displacement field of middle mass (m2) and (c) innermost mass (m3). Analytically obtained resonant frequencies are denoted by dash-
dotted vertical lines. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
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4.2. One-dimensional dispersion and transmission analyses using the finite element method

For the first numerical analyses, a 2D kðuÞ approach [3,25] is used to obtain the dispersion relations for periodic meta-
materials of non-dissipative and dissipative multi-resonator unit cells using the commercial software COMSOL Multiphysics.
It should be noted that, although the interior components of the final multi-resonator unit cell have a spherical geometry and
the exterior of the unit cell is a block, it has been previously demonstrated that the band structures for a 3D geometry and
simplified 2D axial-symmetric geometry are nearly identical [26]. In the final numerical study, the frequency domain
transmission amplitudes for a finite lattice is calculated for comparison with dispersion relations and experimentally
measured transmission amplitudes of finite lattices consisting of five and ten multi-resonator unit cells.

Using thematerial properties listed in Table 1 to represent the continuummaterials in amulti-resonator unit cell, the band
structure for a unit cell (without damping considered) is numerically obtained using the kðuÞ approach as shown in Fig. 8(a).
In the figure, the low frequency acoustic branch and two higher frequency optical branches are separated by two distinct band
gap regions. The first band gap spans the frequency region of ~2.5 kHze~3.7 kHz while the second higher frequency region is
from ~5.9 kHz to ~6.6 kHz.

To consider the material damping properties in the numerical dispersion analysis, the dispersion bands are obtained by
solving for the complex wavenumber bands over the first irreducible Brillouin zone [27] of a single multi-resonator unit cell
Fig. 8. Calculated band structure using 2D finite element method and k(u) approach for (a) undamped multi-resonator structure and (b) multi-resonator
structure with damping applied.
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by sweeping the frequency, u. In the study, realistic damping parameters for the epoxy, silicone rubber and urethane rubber
are defined as those obtained from the DMA tests. Using this approach, the real and imaginary components of the complex
wavenumber are obtained as shown in Fig. 8(b). In the top portion of the figure, the real part of the complex wavenumber is
shown and corresponds to the propagation factor while in the bottom the imaginary component of the complex wavenumber
denotes the attenuation factor through a periodic lattice. It should be noted that, with the addition of material damping in the
Fig. 9. 2D numerical model of finite lattice of multi-resonator unit cells embedded within a rigid epoxy matrix.

Fig. 10. Numerically obtained comparison of transmission amplitudes of ten unit cell finite lattice with different damping values for (a) displacement values at
incident and transmission boundaries and (b) magnitude (dB) of transmitted signal.



Fig. 11. Experimental input signal from impact excitation in the time domain (measured from first piezo force transducer).
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unit cell microstructure, pure band gap regions will no longer be present in the wavenumber dispersion bands. By incor-
porating material damping properties within the microstructural design, it is now possible to produce a broad attenuation
region denoted by the imaginary component of the complex wavenumber which is no longer limited/fixed to specific fre-
quency regions near resonances.

For the final numerical analysis, the transmitted wave amplitudes from a finite metamaterial of ten unit cells embedded
within a rigid epoxy matrix are numerically calculated using a 2D frequency domain study. In the 2D numerical model shown
in Fig. 9, the upper boundaries (outer) are modelled with a roller boundary condition to simulate the 1D displacement
constraint imposed on the experimental lattice by the four Delrin® guide rods, and lower boundaries are at the symmetric
axis. Perfectlymatched layers (PMLs) aremodelled on each side of the lattice and two probes are used tomeasure the incident
and transmitted signals at equal distances from the first and last unit cell of the lattice, respectively. A prescribed boundary
force is applied normal to the left vertical boundary of the incident domain. It should be noted that, in the 2D axisymmetric
numerical model, the incident and transmission domains were modelled with longer geometries but were truncated to
provide a clearer final figure of the geometry.

To demonstrate the influence of damping on the overall attenuation performance of the finite lattice, numerical analysis
with 50% and 100% damping values are compared with a zero-damping case as shown in Fig. 10(a) and (b). The displacement
amplitudes obtained from the incident and transmission point probes are illustrated in Fig. 10(a) where two distinct dips are
apparent for each of the three cases in the transmission probe amplitude near the two natural frequencies previously shown
in Fig. 6 (3026.7 Hz and 5473.9 Hz). It can also be clearly seen in the transmission ratio shown in Fig.10(b) that the two distinct
dips are effectively joined as the degree of damping increases, generating a broad wave attenuation region. These results for
the finite lattice structurewith different degrees of damping considered are also in good agreement with the frequency region
of the non-zero imaginary part of the wavenumber shown in Fig. 8. However, it should be noted that although a single broad
attenuation region can be produced by increasing the degree of damping in the system, the attenuation amplitude near the
two resonant frequencies is significantly decreased. This is due to the fact that as the internal damping parameters are
increased, the locally resonant motions of the two resonant inclusions are inhibited [3]. In the final section, we will provide
experimentally measured transmission amplitudes for a finite lattice consisting of five and ten unit cells to further validate
the design for broadband wave mitigation.

4.3. Experimental demonstration of broadband wave mitigation

The experimental excitation force was generated using a small metal rod dropped from a prescribed and repeatable height
without allowing multiple impacts due to the impactor “bouncing” on the steel incidence bar. The force amplitudes are
Fig. 12. Experimentally measured frequency domain transmission coefficients for an empty epoxy block (red circles), five unit cell lattice (blue dotted line) and
ten unit cell lattice (black dashed). (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
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experimentally measured in the time domain by using the force transducer for the two finite lattices with five and ten unit
cells and the empty epoxy block for comparison. To ensure the accuracy of the result, the time domain signals are measured
and averaged over 50 repeated impacts. Fig. 11 shows the force amplitude for the case with an empty epoxy block for
reference.

By calculating the Fast-Fourier transform (FFT) of the averaged time-domain data, the frequency domain amplitudes for
two finite lattices consisting of five and ten unit cells as well as an empty epoxy block can be obtained as shown in Fig. 12.
Looking back to Figs. 8 and 10, it is apparent that the two band gap/attenuation regions from ~2.5 kHz to ~3.7 kHz and
~5.9 kHze~6.6 kHz, are also clearly reflected in the experimentally measured force amplitudes for the finite lattices in Fig. 12.
Furthermore, it is apparent that the pure passband frequency region of ~3.7 kHze~5.8 kHz can be significantly attenuated,
leading to a broadband energy attenuation region for frequencies above ~2 kHz, which also shows a good agreement with the
numerically obtained amplitudes shown in Fig. 10.

5. Conclusion

We have numerically and experimentally demonstrated broadband energy attenuationwith a dissipative multi-resonator
elastic metamaterial design fabricated from five constituent materials arranged in a layered spherical configuration for the
first time. By exploiting the out-of-phase resonant motions of the two internal resonant masses and intrinsic material
damping properties of the compliant rubber layers, two strong attenuation regions can be effectively merged into a broad-
band energy attenuation region. Experimental analysis was carried out to measure the frequency responses of the multi-
resonator unit cell to verify the fabrication process of the experimental samples. Finally, 2D numerical analyses were con-
ducted to obtain the dispersion bands and frequency domain transmission amplitudes for a finite lattice. The numerical
results were then compared to experimental measurements through finite multi-resonator lattices consisting of five and ten
unit cells. Along with good agreement between the analytical, numerical and experimental studies, it has been demonstrated
that the dissipative multi-resonator elastic metamaterial design is capable of broadband energy attenuation, which would
have a range of practical applications in the field of broadband vibration and/or elastic wave mitigation.
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