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In this study, a sandwich beam with periodic multiple dissipative resonators in the sandwich core mate-
rial is investigated for broadband wave mitigation and/or absorption. An analytical approach based on the
transfer matrix method and Bloch theorem is developed for both infinite and finite sandwich structures.
Wave attenuation constants are theoretically obtained to examine the effects of various system param-
eters on the position, width and wave attenuation performance of the band gaps. The wave absorption
coefficient of the sandwich beam is quantitatively studied to distinguish wave attenuation mechanisms
caused by reflection and absorption. It is numerically demonstrated that a transient blast-induced elastic
wave with broadband frequencies can be almost completely mitigated or absorbed at a subwavelength
scale. The results of this study could be used for developing new multifunctional composite materials
to suppress impact-induced and/or blast-induced elastic waves which may cause severe local damage
to engineering structures.

� 2016 Elsevier B.V. All rights reserved.
1. Introduction

Sandwich structures consisting of a core material enclosed
between two face sheets have been widely employed in naval
and/or aerospace industries. For example, the slamming wave
can be observed as a hydrodynamic pressure phenomenon that
occurs when a ship’s hull in rough seas re-enters the water at a suf-
ficiently high relative vertical velocity. The high strength and stiff-
ness to weight ratios of sandwich structures play a vital role in
those applications carrying large bending loads but are relatively
weak in resisting slamming impacts. Investigations on the dynamic
behavior of sandwich structures have been a subject of extensive
research for several decades [1,2]. To enhance the wave resistant
and mitigation abilities of sandwich structures, a great deal of
work has been carried out to design and optimize the core material
properties, such as the density, thickness, as well as other mechan-
ical properties [3–6]. However, these approaches are usually unsat-
isfactory for the low-frequency applications at a subwavelength
scale.

Previously published work by Smith et al. [7] has shown the
broadband flexural wave attenuation by continuous layer absor-
bers with one-degree-of-freedom mounted to the beam or plate’s
faces. The realm of elastic metamaterial research is a relatively
new field that presents exciting and novel applications related to
the manipulation of elastic waves or plate guided waves. The label
Elastic MetaMaterials (EMMs) refers to a class of periodic struc-
tural materials, consisting of a solid-phase host and arrays of inter-
nal resonators, which are capable of manipulating the propagation
of elastic waves. For most configurations, the resonators typically
consist of structural elements with highly contrasting elastic prop-
erties. For example, the very first EMM archetype was realized by
embedding rubber-coated lead (Pb) spheres in an epoxy matrix
to capture dipolar resonances [8]; an anomalous low-frequency
bandgap (400—600 Hz) was observed with this architecture even
for small spherical inclusions (5 mm radius). By using a mass-
in-mass lattice system to represent an EMM, it was found that a
negative effective mass density could be achieved near the local
resonance frequency of the resonator and this phenomenon has
been experimentally realized in a relatively low-frequency domain
[9,10], which results in the prohibition of low-frequency wave
propagation across the metamaterial. It is well known that the
attenuation bandwidth can be extended through the use of multi-
ple resonators, for which the internal resonances may be tailored
to cover a range of frequencies that extends beyond that achievable
with one resonator. As a first effort in exploring the problem, a
metamaterial consisting of two resonators was suggested and
investigated for the demonstration of the multiple bandgap gener-
ation [11], which means that the elastic wave in those frequency
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regimes cannot propagate and the wave energy is reflected back or
temporarily stored in resonators. More recently, a dissipative
metamaterial with metadamping was proposed for broadband
wave mitigation/absorption by properly utilizing interactions from
resonant motions and viscoelastic effects of the constitutive mate-
rials [12,13].

Inspired by the working mechanism of the EMMs, Chen and Sun
[14] proposed a sandwich structure with the addition of mass-
spring units into the core for blocking an incident impact-
induced elastic wave from entering the sandwich structure. The
effect of resonators embedded inside the core was analyzed using
a volume averaging technique by assuming the resonators to be
continuously distributed along the beam. The idea of utilizing local
resonators to improve the dynamic response of sandwich beams
was then carried forward by demonstrating the principle experi-
mentally and by improving the theoretical treatment considering
the effect of the periodicity of the resonators [15,16]. The effects
of various loading conditions such as hull slamming and impact
loads were also included. By considering damping effects within
the resonators, wave attenuation and power flow characteristics
of sandwich beams with internal absorbers in the core was also
studied [17]. It has been observed that the wave energy can be
effectively obstructed by adjusting internal damping coefficients.
In order to produce more significant band gap characteristics
compared with one resonator, a sandwich beam with embedded
multiresonators was presented which can lead to multiple
resonant-type bandgaps with remarkable wave attenuation capa-
bilities [18]. However, for the existing core designs that employed
single resonator or multiresonators, wave attenuation frequencies
of the sandwich structure are still relatively narrow, which limits
their practical applications for the impact-induced and/or blast-
induced elastic wave mitigation where the inherent frequency
range is very broad. For these reasons, there remains a compelling
need for a new sandwich core design capable of a broadband wave
attenuation. It is believed that, by integrating or assembling the
proposed multiple dissipative resonators into sandwich structures,
there is great potential for efficient impact-induced and/or blast-
induced elastic wave mitigation in this new naval sandwich struc-
ture and further development of this technology is very promising.
Fig. 1. (a) Schematic of a sandwich beam with embedded dissipative multi-reson
In this paper, we will explore and demonstrate the possibility of
adding dissipativemulti-resonators into the core of sandwich struc-
tures for efficient broadbandwavemitigation and/or absorption. An
analytical approach based on the transfer matrix method and Bloch
wave theorem is developed for both infinite and finite sandwich
structures with dissipative multi-resonators. Then, wave propaga-
tion characteristics in the system with multiple resonators are
investigated. Attention is focused on achieving a widewave absorp-
tion/attenuation band by properly selecting the damping coeffi-
cients in each of the constitutive elements. In addition, the wave
attenuation/absorption of the sandwich beam is quantitatively
demonstrated by calculating the wave transmittance and absorp-
tion in a finite system. It is found that broadband wave mitigation
and/or absorption can be accomplished by the proposed sandwich
system at a subwavelength scale. The results of the study could be
used indevelopingnewmultifunctional compositematerials to sup-
press impact-induced and/or blast-induced elastic waves which
may cause severe local damage to engineering structures.
2. Modeling of a sandwich beam with multiple dissipative
resonators

2.1. Wave propagation in an infinite sandwich beam

A sandwich beam with multiple dissipative resonators embed-
ded in the core is considered as shown in Fig. 1(a). The dissipative
resonators are represented by mass-spring-dashpot systems which
are uniformly distributed over the entire length of the core.
Generally, when the internal resonators are embedded into the
sandwich core, some portions of the sandwich core materials will
be drilled out. As a result, the bending stiffness or the strength of
the sandwich host medium would be reduced slightly, and the
total weight will be increased. However, through the design of
special frames fitted into the voided areas, the strength of the
sandwich host beam can be ensured as the original one.

The transfer matrix method is adopted for the derivation of
dispersion relations of this sandwich beam. In the design for the
low frequency wave attenuation, the lattice constant of the inner
dissipative resonator is usually much larger than the dimension
ators in the core. (b) An equivalent beam model of the sandwich structure.
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of the voided area in the sandwich core, which is used for inserting
dissipative multi-resonators. For simplicity, we assume that the
mechanical degradation (stiffness reduction) of the original sand-
wich material can be ignored, because the void volume is much
smaller than the overall volume of the sandwich core. Therefore,
this composite structure is modeled as an equivalent sandwich
beam periodically attached by two dissipative resonators on one
of its face sheets, as shown in Fig. 1(b). In the figure, the lattice con-
stant of the beam is denoted as a. Also illustrated in the figure, the
two resonant masses m1 (inner mass), and m2 (outer mass), are
connected by two linear springs and two dashpots in parallel and
attached to the host sandwich beam. The linear spring constants
and damping coefficients are represented by k1, k2, c1 and c2,
respectively. In the model, the x-axis is defined on the neutral
plane of the sandwich beam.

For a typical sandwich structure, the foam core is used to with-
stand the transverse shear stress, while the bending stress is con-
trolled by the face sheets. Accordingly, the bending rigidity EI,
shear rigidity GA, mass of the sandwich beam per unit length qA,
and rotatory inertia qI are obtained as

EI ¼ Ef bðh2
c hf =2þ hch

2
f Þ; ð1aÞ

GA ¼ Gcbhc; ð1bÞ

qA ¼ 2qf bhf þ qcbhc; ð1cÞ

qI ¼ qf bðh2
c hf =2þ hch

2
f Þ þ qcbh

3
c =12; ð1dÞ

where hc and hf are the thickness of the foam core and the face
sheets, respectively; b is the width of the beam; qc and qf are the
density of the core and the face sheets, respectively; Ef is the
Young’s modulus of the face sheets; Gc is the shear modulus of
the core; and I is the moment of inertia of the cross-section.

Based on Timoshenko beam assumptions, the governing
equation of the sandwich beam can be written as

GA
@uðx; tÞ

@x
� @2vðx; tÞ

@x2

" #
þ qA

@2vðx; tÞ
@t2

¼ 0; ð2aÞ

EI
@2uðx; tÞ

@x2
þ GA

@vðx; tÞ
@x

�uðx; tÞ
� �

� qI
@2vðx; tÞ

@t2
¼ 0; ð2bÞ

where v and u denote the transverse displacement and the angle of
rotation of the cross-section of the sandwich beam around the z-
axis, respectively.

For time-harmonic waves, the time dependence, expðixtÞ, will
be suppressed in all the solutions. The amplitude VðxÞ of the trans-
verse displacement vðx; tÞ and the amplitude /ðxÞ of the rotation
uðx; tÞ can then be determined as [19]

VðxÞ ¼ A expðj1xÞ þ B expð�j1xÞ þ C expðij2xÞ þ D expð�ij2xÞ;
ð3aÞ

/ðxÞ ¼ Aq1 expðj1xÞ � Bq1 expð�j1xÞ � iCq2 expðij2xÞ þ iDq2 expð�ij2xÞ;
ð3bÞ

where

q1 ¼ ðj2
3 þ j2

1Þ=j1; q2 ¼ ðj2
3 � j2

2Þ=j2;

j1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m�n
2

� �2 þ p
q

� mþn
2

r
; j2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m�n
2

� �2 þ p
q

þ mþn
2

r
; j3 ¼ ffiffiffi

n
p

;

m ¼ qx2=E; n ¼ qx2=G; p ¼ qAx2=ðEIÞ:

For the n-th unit cell shown in Fig. 1(b), Vðx0Þ and /ðx0Þ can be
rewritten as
Vnðx0Þ¼Anexpðj1x0ÞþBnexpð�j1x0ÞþCnexpðij2x0ÞþDnexpð�ij2x0Þ;
ð4aÞ

/nðx0Þ ¼ Anq1 expðj1x0Þ � Bnq1 expð�j1x0Þ � iCnq2 expðij2x0Þ
þ iDnq2 expð�ij2x0Þ; ð4bÞ

where x0 ¼ x� na and na 6 x0 6 ðnþ 1Þa.
The equations of motion of the dissipative resonators at x ¼ na

can be expressed by

m1€v ðnÞ
1 þ 2c1 _v ðnÞ

1 � _vn

� �
þ 2c2 _v ðnÞ

1 � _v ðnÞ
2

� �
þ 2k1 v ðnÞ

1 � vn

� �
þ 2k2 v ðnÞ

1 � v ðnÞ
2

� �
¼ 0; ð5aÞ

m2€v ðnÞ
2 þ 2c2 _v ðnÞ

2 � _v ðnÞ
1

� �
þ 2k2 v ðnÞ

2 � v ðnÞ
1

� �
¼ 0; ð5bÞ

where v ðnÞ
1 and v ðnÞ

2 denote the displacements of the masses m1 and
m2, respectively, and vn is the displacement of the sandwich beam
at x ¼ na. One dot over the dependent variable represents the first
time derivative of the displacements and two dots denotes the sec-
ond time derivative.

According to Eq. (5), the displacement amplitudes V ðnÞ
1 and V ðnÞ

2

of the masses m1 and m2 within the n-th unit cell can be obtained
as

V ðnÞ
2 ¼ i2c2xþ 2k2

�m2x2 þ i2c2xþ 2k2
V ðnÞ

1 ; ð6aÞ

V ðnÞ
1 ¼ i2c1xþ2k1

�m1x2þ i2ðc1þc2Þxþ2ðk1þk2Þ� ði2c2xþ2k2Þ2
�m2x2þi2c2xþ2k2

Vn ¼KVn;

ð6bÞ
where K ¼ i2c1xþ2k1

�m1x2þi2ðc1þc2Þxþ2ðk1þk2Þ�
ði2c2xþ2k2 Þ2

�m2x
2þi2c2xþ2k2

, and Vn is the displace-

ment amplitude of the sandwich beam at x ¼ na.
The interactive point force along the y-direction between the

resonator and the host beam at the n-th cell, Fn, can then be
written as

Fn ¼ ði2c1xþ 2k1Þð1�KÞVn ¼ K1Vn: ð7Þ

The continuity of the displacement, slope, bending moment and
shear force at x ¼ na requires the condition to be

Vnð0Þ ¼ Vn�1ðaÞ; ð8aÞ

/nð0Þ ¼ /n�1ðaÞ; ð8bÞ

Mnð0Þ ¼ Mn�1ðaÞ; ð8cÞ

�Qn�1ðaÞ þ Qnð0Þ ¼ Fn; ð8dÞ
where QnðxÞ and MnðxÞ represent the shear force and bending
moment within the host sandwich beam at the n-th cell. Substitut-
ing Eqs. (4) and (7) into Eq. (8), the continuity conditions can be
expressed in a matrix form as

KWn ¼ HWn�1; ð9Þ

where

K ¼

1 1 1 1
q1 �q1 �iq2 iq2

t1 t1 t2 t2
�t3 �K2 t3 �K2 it4 �K2 �it4 �K2

2
6664

3
7775;
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H ¼

expðt5Þ expð�t5Þ expðit6Þ expð�it6Þ
q1 expðt5Þ �q1 expð�t5Þ �iq2 expðit6Þ iq2 expð�it6Þ
t1 expðt5Þ t1 expð�t5Þ t2 expðit6Þ t2 expð�it6Þ
�t3 expðt5Þ t3 expð�t5Þ it4 expðit6Þ �it4 expð�it6Þ

2
6664

3
7775;

Wn ¼

An

Bn

Cn

Dn

2
6664

3
7775;

with t1 ¼ q1j1, t2 ¼ q2j2, t3 ¼ �q1 þ j1, t4 ¼ j2 þ q2, t5 ¼ j1a,
t6 ¼ j2a, and K2 ¼ K1=ðGAÞ.

Due to the periodic feature of the infinite sandwich beam along
the x-direction, the Bloch theorem implies

Wn ¼ expðiqaÞWn�1; ð10Þ
where q denotes the wave number along the x-direction.

Inserting Eq. (10) into (9), an eigenvalue system can be obtained
as

½T� expðiqaÞI�Wn�1 ¼ 0; ð11Þ
with the transfer matrix T ¼ K�1H, and I is a 4� 4 identity matrix.
The wave dispersion relations can be determined by solving Eq. (11)
to obtain the complex wavenumber as a function of frequency. As a
result, flexural waves can be attenuated along the sandwich beam
when the wavenumber possesses a non-zero imaginary part.

2.2. Effective mass density and effective damping coefficient

If the sandwich metamaterial beam with internal dissipative
resonators is treated as a homogeneous beam with an effective
mass density per unit length ðqAÞeff and an effective metadamping
coefficient ceff , the equations of motion of this homogeneous beam
can be expressed as [14,18]

GAðv 00 þu0Þ � ðqAÞeff €v � ceff
a

_v ¼ 0; ð12aÞ

EIu00 � GAðv 0 þuÞ � qI €u ¼ 0; ð12bÞ
where a denotes the lattice constant of the beam.

The dispersion equation based on this model can be readily
obtained as

ðqAÞeffx2 þ ixceff
a

¼ GAqIx2q2 � GAEIq4

qIx2 � EIq2 � GA
: ð13Þ

According to Eq. (13), the effective mass density and the effec-
tive metadamping coefficient can be defined as

ðqAÞeff ¼ Re
GAqIx2q2 � GAEIq4

qIx4 � EIx2q2 � GAx2

" #
; ð14aÞ

ceff ¼ Im a
GAqIx2q2 � GAEIq4

qIx3 � EIxq2 � GAx

" #
: ð14bÞ
2.3. Wave transmission and absorption in a finite sandwich beam

When a flexural wave travels through a sandwich beam
containing dissipative resonators, the wave would experience
reflection, transmission and absorption. Now we consider a unit
section of the sandwich beam with dissipative resonators and a
transverse harmonic force prescribed at x ¼ 0, as illustrated in
Fig. 2. Within the unit cell, there are two concentrated forces at
the positions of x ¼ 0 and x ¼ l. As a result, wave fields in the beam
can be written in the three regions to represent wave reflection,
absorption and transmission. In the region I with x 6 0, we assume
that the flexural wave only propagates along the negative x-
direction as [20]

V IðxÞ ¼ A1 expðj1xÞ þ C1 expðij2xÞ; ð15aÞ

/IðxÞ ¼ A1q1 expðj1xÞ � iC1q2 expðij2xÞ: ð15bÞ
However, in the region II with 0 6 x 6 l, the flexural wave can

propagate along both the positive and negative x-directions as

V IIðxÞ¼A2 expðj1xÞþB2 expð�j1xÞþC2 expðij2xÞþD2 expð�ij2xÞ;
ð16aÞ

/IIðxÞ ¼ A2q1 expðj1xÞ � B2q1 expð�j1xÞ � iC2q2 expðij2xÞ
þ iD2q2 expð�ij2xÞ: ð16bÞ

In the region III with x P l, the flexural wave is assumed to
propagate only along the positive x-direction as

V IIIðxÞ ¼ B3 exp½�j1ðx� lÞ� þ D3 exp½�ij2ðx� lÞ�; ð17aÞ

/IIIðxÞ ¼ �B3q1 exp½�j1ðx� lÞ� þ iD3q2 exp½�ij2ðx� lÞ�: ð17bÞ
Continuity conditions at x ¼ 0 and x ¼ l should be satisfied as

V Ið0Þ ¼ V IIð0Þ; /Ið0Þ ¼ /IIð0Þ; MIð0Þ
¼ MIIð0Þ; �Q Ið0Þ þ Q IIð0Þ ¼ F0; ð18Þ

in which F0 is the applied force at x ¼ 0,and

V IIðlÞ ¼ V IIIðlÞ; /IIðlÞ ¼ /IIIðlÞ; MIIðlÞ ¼ MIIIðlÞ; �Q IIðlÞ þ Q IIIðlÞ ¼ F1:

ð19Þ
Substituting Eqs. (15)–(17) into Eqs. (18) and (19) yields a linear

system of equations. By solving this system, wave fields along the
unit cell of the sandwich beam can be determined, from which the
wave power flow can also be calculated.

For incident harmonic waves, the input power flow can be writ-
ten as [21]

Pin ¼ 1
2
Re½�ixF0V

�ð0Þ�; ð20Þ

where the superscript, �, denotes the complex conjugate.
And the wave energy absorption power by the dissipative res-

onators is given by

Pab ¼ 1
2
Re 2c1x2½V1ðlÞ � VðlÞ�½V1ðlÞ � VðlÞ�� þ 2c2x2½V1ðlÞ

	
�V2ðlÞ�½V1ðlÞ � V2ðlÞ��g: ð21Þ

The transmitted power flow at x ¼ l can be expressed as

Ptr ¼ 1
2
Re½�ixMIIIðlÞ/�

IIIðlÞ � ixQ IIIðlÞV�
IIIðlÞ�: ð22Þ

To obtain wave transmission and absorption coefficients of a
sandwich beam with a finite number of unit cells, the transfer
matrix method will be applied [18]. By solving this system, wave
fields along the finite number of unit cells can then be determined.
The flexural wave transmittance is defined as

TN ¼ log
VN

R

V1
L












; ð23Þ

where V1
L is the transverse displacement at the left edge of the first

unit cell and VN
R is the transverse displacement at its right edge with

N unit cells, respectively.



Fig. 2. The sandwich beam with embedded dissipative resonators under a
harmonic transverse loading.

Fig. 3. The imaginary part of the wave number with different damping coefficients
for the case of flexural wave mode: (a) s1 ¼ 0:01; (b) s1 ¼ 0:1.
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3. Results and discussion

3.1. Wave dispersion of an infinite sandwich beam

Because damping coefficients are considered in the system, the
dimensionless wavenumber, qa, is complex for a given frequency,
x, and represents spatial attenuation during propagation. The
dimensionless wavenumber can then be described by qa ¼ aþ ib,
where a and b represent the propagation and attenuation/dissipa-
tion components of the wave, respectively. For the current dissipa-
tive system, the wave attenuation and dissipation behavior will be
ensured by the coupling of local resonant motions and the inner
damping. Specifically, the imaginary part of the wavenumber, ter-
med as the ‘‘attenuation factor”, will be studied to evaluate the
magnitude of the attenuation/dissipation performance with the
change of the damping values of the system. In this paper, a wave
transmission threshold is established at the 10th unit cell of the
system. If the transmissibility is less than 5% of the applied har-
monic displacement amplitude at the 10th unit cell, then the fre-
quency region is regarded as a reasonable wave attenuation
region with a normalized attenuation constant greater than 0.05.
Fig. 3 shows the imaginary component of the complex wave num-
ber with different inner damping coefficients for the flexural wave
mode in the sandwich beam. The dimensions and material con-
stants of face sheets and foam core used in the calculation are sum-
marized in Table 1, where the face sheets are laminates AS4/3501-6
[02/902/02], and the core is Rohacell IG-51 foam [17]. The effective
bending rigidity, shear rigidity, mass per unit length, and rotatory
inertia of the sandwich beam are listed in Table 2. In the tables, hf

and hc are the thickness of face sheets and foam core, respectively.
b is the width of the beam. qf and qc are the density of face sheets
and foam core, respectively. The stiffness ratios are defined as
d1 ¼ d2 ¼ GA=ðk1aÞ ¼ GA=ðk2aÞ ¼ 44; and mass ratios are chosen
as h1 ¼ m1=ðqAaÞ ¼ 2:0, and h2 ¼ m2=ðqAaÞ ¼ 8:0, respectively.

Damping ratios are denoted by s1 ¼ 2c1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k1m1

p
, and

s2 ¼ 2c2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k2m2

p
, respectively. The normalized angular frequency

is defined as X ¼ x=x0, where x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k1=m1

p
¼ 1226 1=s. Effects

of the background sandwich materials damping coefficient are out-
side the scope of this study, and is thus assumed to be zero. As illus-
trated in Fig. 3(a), for the case of s1 = 0.01 and variations of s2, two
clear wave attenuation regions can be observed (solid curve) at the
two bandgap frequencies, when the outermost damping coefficient
is sufficiently small (s2 = 0.01) [13]. When s2 is increased to 0.2
(dotted curve), the bandwidth increment is 59% based on the trans-
missibility criteria, and the peak attenuation reduction around the
first bandgap frequency range is 32%. Therefore, a broad frequency
region with reasonable wave attenuation/absorption is formed
by merging the two bandgap frequency regions (x ¼
0:25x0 � 1:9x0, i.e., f ¼ 49 � 371 Hz). A broad wave attenuation/
absorption frequency range can be still observed when s2 is
increased further to 1.0 (dashed curve). However, the magnitude
of the attenuation factor, b, in the second bandgap frequencies is
significantly decreased with a 30% bandwidth increment. Thus, a
narrower wave attenuation/absorption bandwidth is expected
compared with the case for s2 = 0.2. Fig. 3(b) shows the variation
of the imaginary part of the wavenumber with the change of s2
for the case of s1 = 0.1. Similar wave attenuation phenomena can
also be observed and enhanced mostly for the frequencies higher
than the second bandgap with the increase of the damping coeffi-
cient s2. Therefore, the outermost damper with optimal damping
coefficient s2 is a key factor and should be carefully selected to
achieve low-frequency wave attenuation/absorption.

Fig. 4 shows the effective mass density and the effective
metadamping coefficient of the sandwich beam with s1 ¼ 0:01
and s2 ¼ 0:01, 0.2 and 1.0, respectively. In Fig. 4(a), for the case
of s1 ¼ 0:01 and s2 ¼ 0:01, the effective mass becomes negative
in the two bandgap frequency regions, which means that the
out-of-phase mechanical resonant motions are responsible for
the attenuation of flexural waves. However, as shown in Fig. 4(b),
the effective metadamping coefficient becomes extremely high
when wave frequencies approach the two local resonant frequen-
cies, which can be interpreted as the kinetic energy of the
sandwich beam is stored in the two resonators and is absorbed
by the dampers. The large negative effective mass in the first



Fig. 4. Effective material parameters of the sandwich beam with s1 ¼ 0:01 and
s2 ¼ 0:01; 0:2 and 1.0, respectively: (a) effective mass density; (b) effective
metadamping coefficient.

Table 1
Dimensions and material constants of face sheets and foam core.

hf ðmÞ hc ðmÞ a ðmÞ b ðmÞ qf ðkg=m3Þ qc ðkg=m3Þ

7:62� 10�4 3:02� 10�2 0:048 0:019 1550 52:1

Table 2
Effective properties of the sandwich beam.

EI ðPa m4Þ GA ðPa m2Þ qA ðkg=mÞ qI ðkg mÞ
677 1:15� 104 0.075 1:31� 10�5

Fig. 5. Effective material parameters of the sandwich beam with s1 ¼ 0:1 and
s2 ¼ 0:01; 0:2 and 1.0, respectively: (a) effective mass density; (b) effective
metadamping coefficient.

1 Please note that Fig. 6 will appear in B/W in print and color in the web version.
Based on this, please approve the footnote 1 which explains this.
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bandgap frequency range can be still observed when s2 is
increased to 0.2. However, a small negative effective mass is
obtained around the second resonant frequency, which means that
the wave attenuation ability due to the mechanical resonant
motions is reduced with the increase of the outermost damping
coefficient. On the contrary, the metadamping phenomenon can
be still observed around the two resonant frequencies and
becomes broader. When s2 is increased to 1.0 (dashed curve), the
negative effective mass can be observed in the first bandgap, but
the effective mass becomes positive in the second bandgap fre-
quency range, where the effective metadamping coefficient
decreases dramatically. For this case, a complete wave attenuation
and absorption frequency range can be still attained but in a rela-
tively narrow band because the second stopband becomes a pass-
band with a small attenuation value. Fig. 5 shows the variation of
the effective mass density and metadamping coefficient with the
change of s2 for the case of s1 ¼ 0:1, where similar effective mass
and metadamping phenomena can also be observed.

Based on the transmissibility criteria defined above, the optimal
material damping coefficient is predicted in Fig. 6 by calculating
the bandwidth of the wave attenuation region with different mate-
rial damping coefficients. The blue1 region in the figure corresponds
to the wave attenuation region that satisfies the threshold defined
and the red areas represent the frequency region outside our thresh-
old. It can be observed from the two figures that the optimal material
damping coefficients for s2 are 0.20 and 0.22 for the cases of
s1 ¼ 0:01 and 0.1, respectively, which have the largest wave attenu-
ation regions.

It is believed that the energy absorption due to the metadamp-
ing effects can be significant improved by the out of phase motions
at two ends of the dashpot. Therefore, efficient wave attenuation
and absorption can be accomplished by properly selecting the
damping coefficients s1 and s2.
3.2. Harmonic analysis of wave transmission and absorption

To quantitatively characterize wave attenuation in the sand-
wich beam, the flexural wave transmission properties of a finite
sandwich beam containing 50 unit cells are performed and illus-



Fig. 7. Wave transmittance of a sandwich beam containing 50 unit cells with
different damping coefficients: (a) s1 ¼ 0:01; (b) s1 ¼ 0:1.

Fig. 6. The bandwidth of the wave attenuation region with different damping
coefficients: (a) s1 ¼ 0:01; (b) s1 ¼ 0:1.
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trated in Fig. 7. In the simulation, the sandwich beam is excited by
transverse harmonic loads with different frequencies at the left
side of the first unit cell. Because we are interested in demonstrat-
ing the optimal wave absorption properties in the low-frequency
region, the inner damping coefficient is fixed as s1 = 0.01 in the fol-
lowing simulation. As shown in Fig. 7(a), strong wave attenuation
in the two bandgap frequency regions is observed when the outer-
most damping coefficient is sufficiently small (s2 = 0.01). However,
when s2 is increased to 0.2 (dotted curve), the wave attenuation
reduction around the second bandgap frequency range is 38%,
and the bandwidth increment is 59%. A broad wave attenuation
frequency range can be still observed when s2 is increased further
to 1.0 (dashed curve). Therefore, with the increase of the outermost
damping coefficient, the wave attenuation ability will be reduced
although the wave attenuation frequency region will increase.
Therefore, there is a trade-off between the wave attenuation
amplitude and frequency range by selecting different damping
coefficients s2. Similar wave transmission properties can also be
observed with the increase of the damping coefficient s1, as shown
in Fig. 7(b). At lower frequencies, the transmission curves in Fig. 7
is almost the same for s1 ¼ 0:01 and s1 ¼ 0:1. Specifically, as illus-
trated in Fig. 3, the attenuation constants for the s2 ¼ 0:01 cases
are almost unchanged in the region with the normalized frequency
X < 1:3, when s1 is increased from 0.01 to 0.1. Therefore, the trans-
mission curves shown in Fig. 7 are almost the same at the normal-
ized frequency X < 1:3 for the two cases. However, the second
attenuation peak (X ¼ 1:4), shown in Fig. 3, is decreased when s1
is increased from 0.01 to 0.1, and thus produces an increased wave
transmission amplitude in Fig. 7(b). By increasing s1 from 0.01 to
0.1, the attenuation constant is increased at higher frequencies
(X > 1:9), and therefore, the wave transmission is reduced when
X > 1:9. Thus, it can be concluded that the damping effects
could increase or decrease wave attenuation abilities of the
metamaterial-based sandwich beams in which the wave attenua-
tion ability is mainly caused by the local resonant motion when
the input frequency approaches the local resonance.

According to Eq. (6), the global wave profiles of the sandwich
beam with different damping coefficients, s2, are calculated in
Fig. 8(a) and (b) for the normalized frequencies X ¼ 0:34 and 1.0,
respectively. In the simulation, the frequency X ¼ 0:34 is close to
the first local resonant frequency of the multi-resonators. As illus-
trated in Fig. 8(a), a significant spatial attenuation amplitude of the
metamaterial-based sandwich beam is observed for the small
damping constant s2 ¼ 0:01, and most of the incident wave energy
is absorbed within ten unit cells. This is expected, because most of
the wave energy is transferred and absorbed by the large out-of-
phase motions of the resonators instead of propagating through
the system and therefore the out-of-phase mechanical motions
(inertia forces) coupled with the damping eventually absorb the
incoming wave. This holds true even if the damping coefficient is
small, which is the so called ‘‘metadamping” behavior. However,
when the outermost damping coefficient s2 is increased to 1.0,
which means a very large damping coefficient between the two
local resonators, the connection between these two masses will
become more rigid. Thus, the relative displacement between the
two masses is decreased and therefore, the negative effective mass
density due to the out-of-phase motion will be reduced at this fre-
quency, as shown in Fig. 4(a). However, the effective damping coef-
ficient shown in Fig. 4(b) is almost the same for cases with a
smaller s2 value. Therefore, it can be observed from Fig. 3(a) that
the attenuation constant is smallest at this frequency, when s2 is



Fig. 9. (a) Power absorption efficiencies of the sandwich beam within one unit cell
at s1 ¼ 0:01 when s2 ¼ 0:01; 0:2; and 1:0, respectively. (b) Power absorption
efficiencies of the sandwich beam within two unit cells at s1 ¼ 0:01 when
s2 ¼ 0:01; 0:2, and 1:0, respectively.

Fig. 8. (a) Wave profiles of the sandwich beam at the first resonant frequency
(X ¼ 0:34) and s1 ¼ 0:01 when s2 ¼ 0:01; 0:2; and 1:0, respectively. (b) Wave
profiles of the sandwich beam at X ¼ 1:0 and s1 ¼ 0:01 when s2 ¼ 0:01; 0:2; and
1:0, respectively.
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increased to 1.0, and the flexural wave can travel a longer distance
and be attenuated mainly by the metadamping effect. On the other
hand, as shown in Fig. 8(b), when the input frequency is X ¼ 1:0
which is away from the local resonant frequencies, the wave atten-
uation ability of the metamaterial-based sandwich beam increases
with the increase of the outermost damping coefficient s2. This is
because the conventional damping plays a more important role
in wave attenuation or absorption than the anti-resonant motions
of the multi-resonators at this frequency. However, the conven-
tional damping is not very efficient for wave absorption especially
for low-frequency cases.

Compared with the wave attenuation and reflection by conven-
tional metamaterials, the wave absorption in the dissipative
metamaterial has not been quantitatively investigated yet. By con-
sidering the effects of dissipative resonators on the power flow in
the sandwich beam, the power absorption efficiencies ðPab=PinÞ of
the sandwich beam within one unit cell are calculated based on
Eqs. (20) and (21), respectively, and illustrated in Fig. 9(a). In the
simulation, the properties of the sandwich beam are the same as
those in Fig. 7. The harmonic point force is applied at x = 0 and
the magnitude of the force is assumed to be 1.0. As shown in
Fig. 9(a), the metadamping behavior can be further observed at
the two resonant frequencies especially for the low damping coef-
ficient s2 = 0.01, and the power absorption is as high as 42% at the
first resonant frequency. With the increase of the damping coeffi-
cient s2, the frequency absorption region becomes broader and
the wave absorption efficiencies becomes lower especially for
higher frequency cases. Therefore, to demonstrate the high wave
absorption in a broadband frequency region, the number of the
unit cell of dissipative metamaterials should be increased. Fig. 9
(b) shows the power absorption efficiencies ðPab=PinÞ of the sand-
wich beam within two unit cells. The material properties in the
simulation are the same as those in Fig. 9(a). It is interesting to
note that the wave absorption efficiency will not increase at the
first resonant frequency but will increase significantly at the sec-
ond resonant frequency for a low damping coefficient s2 = 0.01
with an increased number of unit cells. This means that the
metadamping at the second resonant frequency could be enhanced
by increasing the number of unit cells in the metamaterial beam. It
should also be mentioned that the wave absorption efficiency
could be enhanced in a very broad frequency region for the damp-
ing coefficient s2 = 0.2. This result is very encouraging for develop-
ing a metamaterial-based sandwich beam for broadband wave
absorption.

3.3. Transient analysis of blast-induced elastic wave mitigation

To validate the proposed design and demonstrate practical
applications, we conduct a transient analysis of a sandwich beam
with 20 unit cells of the proposed dissipative resonators to exam-
ine blast-induced elastic wave mitigations, as shown in Fig. 10. In
the analysis, the linear wave response is considered for the
sandwich structure, which should be very useful and adequate to



Fig. 10. Schematic design of transient analysis of a sandwich beam containing 20 unit cells under a blast-induced elastic pulse.

Fig. 11. Blast-induced elastic wave signals on the incident and transmitted beams
of the sandwich beam containing 20 unit cells: (a) time domain; (b) frequency
domain.

Fig. 12. Transmission loss of the sandwich beam with 20 unit cells under a blast-
induced elastic wave loading.

H. Chen et al. / Ultrasonics 76 (2017) 99–108 107
capture the basic broadband wave attenuation and propagation
mechanisms under the blast-induced elastic wave. The time
domain finite element analysis is performed based on plane stress
assumptions by using a commercial software, Abaqus/Explicit. The
length of the host sandwich beam is carefully selected in order to
suppress the wave reflected from the beam boundaries in simula-
tions [15,16]. The first group of dissipative resonators is located at
x ¼ 0 m, and equally spaced with intervals being 0.01 m. Two
probes are inserted into the left-hand side (5 m away from the first
dissipative resonators) and right-hand side (2.2 m away from the
20th dissipative resonators) regions of the metamaterial section
to measure the incident and transmitted signals. In simulations,
the material and geometric parameters are the same as those used
in Fig. 9. A transverse pulse is excited 10 m away from the meta-
material with the incident wave profile calculated as [22–24]

F ¼ Fmax exp
�ðt � t0Þ

td

� �
; ð24Þ

where Fmax ¼ 1000 N, t0 ¼ 0:5 ms, and td ¼ 0:1 ms:
Fig. 11(a) shows time domain blast-induced elastic wave signals

measured on the incident and transmission beams from the wave
transmission simulations of the proposed sandwich beam. The
signal presented in the upper window of Fig. 11(a) illustrates the
applied force on the incident beam. The other two windows in
the figure show transmitted signals without and with the proposed
dissipative resonators, respectively. It can be seen from the figure
that the peak amplitude of the transmitted signal will be decreased
and the blast-induced elastic wave can be effectively attenuated in
the proposed sandwich beam. Fig. 11(b) shows the incident and
transmitted blast-induced elastic wave signals in the frequency
domain acquired from the sandwich beam with dissipative
resonators. The frequency domain signals are calculated from the
corresponding time domain signals through the Fast Fourier Trans-
form (FFT). In the figure, a broadband wave transmission dip from
approximately 40–350 Hz is observed, which agrees very well with
that from analytical predictions (49–371 Hz). Fig. 12 shows the
blast-induced elastic wave transmission loss after passing through
the proposed sandwich metamaterial beam with 20 unit cells
based on the transient numerical simulation. The results show that
the large transmission loss region is at the same frequency range
compared with the frequency domain analysis in Fig. 11(b). At
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those frequencies, the blast-induced elastic wave energy is signif-
icantly reflected and/or absorbed, compared with the incident
blast-induced elastic wave. Thus, the metadamping behavior has
been clearly illustrated through the time domain analysis. Since
some low-frequency wave components are leaked from the dissi-
pative metamaterials, geometric optimizations of the design will
be still needed in future applications.

4. Conclusions

In this paper, a design for a sandwich beam with multiple dissi-
pative metamaterials is proposed for broadband wave mitigation
and/or absorption. First, the transfer matrix method and Bloch the-
orem are extended to calculate the imaginary part of wave number
to determine the wave attenuation range. Wave transmittances in
a finite beam are then computed with various damping ratios to
determine its influence on the absorption. The wave absorption
coefficient of the sandwich beam is then quantitatively studied
to distinguish the wave attenuation mechanisms caused by the
reflection and absorption. In the transient wave simulation, a
blast-induced elastic wave signal is applied to one side of the sand-
wich beam both with and without resonators present for the wave
transmission demonstration. It is found that the flexural wave in a
sandwich beam can be effectively suppressed by employing dissi-
pative metamaterials and the bandwidth increment compared
with the non-dissipative metamaterial can reach 59%. The pro-
posed sandwich structure design would also have great potential
for broadband sound insulation applications.
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