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Abstract Cosserat type continuum theories have
been employed by many authors to study cracks in elas-
tic solids with microstructures. Depending on which
theory was used, different crack tip stress singulari-
ties have been obtained. In this paper, a microstruc-
ture continuum theory is used to model a layered
elastic medium containing a crack parallel to the
layers. The crack problem is solved by means of
the Fourier transform. The resulting integrodifferential
equations are discretized using the Chebyshev poly-
nomial expansion method for numerical solutions. By
using the present theory, the explicit internal length
effects upon the crack opening displacement and stress
field can be observed. It is found that the stress field near
the crack tip is not singular according to the microstruc-
ture continuum solution although the level of the open-
ing stress shows an increasing trend until it gets very
close to the crack tip. The rising portion of the near tip
opening stress is used to project the stress intensity fac-
tor which agrees fairly well with that obtained using the
FEM to perform stress analyses of the cracked layered
medium with the exact geometry. The numerical solu-
tions also indicate that treating the layered medium as
an equivalent homogeneous classical elastic solid is not
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adequate if cracks are present and accurate stress inten-
sity factors in the original layered medium is desired.
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1 Introduction

The use of continuum approach for modeling solids
has been practiced by both engineers and scientists suc-
cessfully for hundreds of years. For obvious reasons,
the conventional continuum models are efficient for
modeling macro scale solids but may not be efficient
and accurate in describing microstructural effects. One
alternative to solving the above mentioned problem is
to employ additional kinematic variables to describe
the nonhomogeneous local deformation in the micro-
structure. Cosserat and Cosserat (1909) first proposed
a nonclassical continuum. Following that, many other
forms were proposed such as the couple stress theory
by Toupin (1962), the microstructure theory by Mindlin
(1964), and the micromorphic theory by Eringen and
Suhubi (1964), the strain gradient theory (Fleck and
Hutchinson 1993; Aifantis 1999). Common to all these
theories is the adoption of a generic configuration of the
microstructure from which the equations of motion and
general constitutive equations are developed. The con-
stitutive equations are expressed in general forms leav-
ing many material constants to be determined by very
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prohibitive experiments. Another group of researchers
took a slightly different approach in deriving micro-
structure continuum theories by taking into account
specific geometries of the microstructure. Both global
displacements and additional kinematic variables are
introduced to describe the motion and deformation of
the material unit cell containing the microstructure.
Such an approach was first proposed by Sun et al.
(1968) and Achenbach et al. (1968) for periodically lay-
ered media. The main advantage of this approach is that
the constitutive relations are derived explicitly from the
properties and configuration of the microstructure and
no additional testing of material properties is necessary.
Moreover, the explicit internal characteristic length
effects can also be captured with this formulation.

All the Cosserat and Cosserat (1909) type noncon-
ventional continuum theories have to adopt certain sim-
plifying assumptions regarding the local deformation in
the microstructure. As a result, their ability in describ-
ing the local deformation and stress fields in the micro-
structure is often questioned. Moreover, some solutions
to the same physical problem obtained using different
Cosserat and Cosserat (1909) type continuum theories
are expressed in quite different mathematical forms and
can be quite different from the solution based on the
classical continuum theory. For instance, a number of
Cosserat and Cosserat (1909) continuum theories have
been employed to study crack problems with the result
of various crack tip stress singularities. Sternberg and
Muki (1967) first studied the stress field around a mode
I crack by using the couple-stress theory in conjunction
with the Fourier transform approach. They concluded
that near tip fields in an elastic material are governed by
the Cauchy stress and the couple stress with O(r−1/2)

and O(r−3/2) singularities, respectively, at the crack
tip. Similar conclusions have been obtained by Atkin-
son and Leppington (1977) and by Paul and Sridharan
(1981) for the mode I crack by using the couple-stress
theory with the aid of the Wiener-Hopf method. Erin-
gen et al. (1977) used the non-local theory to study the
state of stress near a sharp line crack in an elastic plane
subjected to uniform tension, shear and anti-plane shear
loadings. According to this (non-local) theory, stress
singularity around the crack tip vanishes. As a result,
it was suggested that the maximum stress at the crack
tip be used as a fracture criterion. Kennedy and Kim
(1993) studied a stationary finite crack subjected to a
dynamic load using the micropolar elasticity and found
that materials with strong micropolar properties have

significantly lower dynamic energy release rates than
their classical elastic solid counterparts. Because of its
simplicity, the strain gradient theory has recently been
used to interpret microstructural effects found in frac-
ture problems. Huang et al. (1997) studied the near tip
fields for mixed mode cracks. Based on their results,
both the Cauchy stress and couple stress fields have
the inverse square root singularity near the crack tip.
Zhang et al. (1998) studied the mode III crack problem
by using the couple-stress theory and found O(r−3/2)

stress singularity at the crack tip. On the other hand,
Vardoulakis et al. (1996) considered a mode III crack
in a strain gradient continuum theory with or without a
surface energy and obtained a different stress singular-
ity O(r−1/2). Fannjiang et al. (2002) studied a mode
III finite crack using a strain gradient elasticity. They
illuminated the transition from the strain gradient the-
ory to the classical elasticity theory as intrinsic lengths
vanish.

In the works cited above, no attempt has been made
to compare the crack opening stresses near the crack
tip obtained from Cosserat type continuum theories and
the exact solution based on the exact layered geometry.
Consequently, the significance of the various stress sin-
gularities predicted by the Cosserat type models cannot
be evaluated. In this paper, we employ a microstructure
continuum theory to investigate crack problems in an
elastic layered medium. The crack is assumed to be
parallel to the plane of the layers. The layered medium
is modeled as a microstructure continuum for which
the solution for the crack problem is solved by means
of the Fourier transform. The results obtained from the
microstructure continuum theory are compared with
those obtained with the effective modulus theory and
the finite element analysis of the layered medium with
the exact geometry.

2 A microstructure continuum theory for layered
media

The formulation of the microstructure continuum the-
ory for layered media developed by Sun et al. (1968)
and Achenbach et al. (1968) is briefly reviewed. Details
of the derivation can be found in these two references.
Consider a layered medium consisting of a large num-
ber of alternating plane, parallel layers of two homo-
geneous, isotropic elastic materials, as shown in Fig. 1.
The Lamé constants, mass densities, and thicknesses
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Fig. 1 A heterogeneous
solid replaced by a
homogeneous solid with
microstructures

of layers 1 and 2 are denoted as λ j , µ j , ρ j and
L j ( j = 1, 2), respectively. Two local coordinate sys-

tems (x1, x (1)
2 , x3) and (x1, x (2)

2 , x3) are defined with
axes parallel to the global coordinates Xi (i = 1, 2, 3)

and with origins in the midplanes of the individual
layers, respectively. The displacements in the mid-
planes are denoted as u(1)

0i and u(2)
0i for layers 1 and

2, respectively. The subscript i = 1, 2, 3 represents the
displacement component along the xi direction, and
superscripts (1) and (2) represent layers 1 and 2, respec-
tively.

Consider a representative volume element (RVE)
consisting of a pair of layers 1 and 2 with as with
total cell length L = L1 + L2. Assume a plane strain
state parallel to the X1 − X2 plane. If the characteristic
length of deformation is not too small compared with
the thicknesses of the layers, the local displacements
in the layers can be approximated with linear series
expansions with respective to the local coordinates as

u(1)
i = u(1)

0i (X2) + φ
(1)
2i (X2)x (1)

2 (1)

u(2)
i = u(2)

0i

(
X2 + L

2

)
+ φ

(2)
2i (X2)x (2)

2 (2)

where the kinematic variables φ
(α)
j i (Xk)(α = 1, 2) are

the first order expansion functions that describe the
micro deformation field in layer α. The displacement
continuity condition at the interface between the two
layers is given by

u(1)
0i

(
X2 + L

2

)
− u(1)

0i (X2)

= φ
(1)
2i (X2)

L1

2
+ φ

(2)
2i (X2)

L2

2
(3)

To eliminate φ
(2)
2i through Eq. (3) and the potential

energy density W of the macro-homogeneous medium

can be expressed in terms of Ui (Xk) ≡ u(1)
0i ,� j i ≡

φ
(1)
j i and their derivatives, which are functions of the

global coordinates. By defining the conventional strain
ei j in terms of the displacement Ui as

ei j = 1

2

(
∂U j

∂ Xi
+ ∂Ui

∂ X j

)
, (4)

the relative deformation

γi j = ∂U j

∂ Xi
− �i j (5)

with γi j = 0 for i �= 2, the gradient of the relative
deformation

θki j = 1

2

(
∂γi j

∂ Xk
+ ∂γik

∂ X j

)
for k, j = 1, 3 (6)

θki j = ∂γi j

∂ Xk
otherwise. (7)

Based on the Hamilton’s principle, the displacement
equations of motion can be obtained as

a1
∂4U1

∂ X2
1∂ X2

2

+ a2
∂2U1

∂ X2
1

+ a3
∂2U1

∂ X2
2

+ a4
∂2U2

∂ X1∂ X2

+a5
∂3�21

∂ X2
1∂ X2

+ a6
∂�21

∂ X2
+ a7

∂�22

∂ X1
= 0 (8)

a8
∂4U2

∂ X2
1∂ X2

2

+ a9
∂2U2

∂ X2
1

+ a10
∂2U2

∂ X2
2

+ a4
∂2U1

∂ X1∂ X2

+a11
∂�21

∂ X1
+ a12

∂3�22

∂ X2
1∂ X2

+ a13
∂�22

∂ X2
= 0 (9)

a5
∂3U1

∂ X2
1∂ X2

+ a6
∂U1

∂ X2
+ a11

∂U2

∂ X1
+ a14

∂2�21

∂ X2
1

+a15�21 = 0 (10)

a12
∂3U2

∂ X2
1∂ X2

+ a13
∂U2

∂ X2
+ a7

∂U1

∂ X1
+ a16

∂2�22

∂ X2
1

+a17�22 = 0 (11)
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where a1 = (1+η)L2
2(λ2+2µ2)

12 , a2 = − η(λ1+2µ1)+(λ2+2µ2)
(1+η)

,

a3 = −(1+η)µ2, a4 = −(λ2+µ2), a5 = − L2
2η

2(λ2+2µ2)

12 ,

a6 = ηµ2, a7 = − η(λ1−λ2)
(1+η)

, a8 = L2
2(1+η)µ2

12 ,

a9 = − (ηµ1+µ2)
(1+η)

, a10 = − (1 + η) (λ2 + 2µ2) ,

a11 = − η(µ1−µ2)
(1+η)

, a12 = − L2
2ηµ2
12 , a13 = η (λ2 + 2µ2) ,

a14 = L2
2η2[η(λ1+2µ1)+(λ2+2µ2)]

12(1+η)
, a15 = − η(µ1+ηµ2)

(1+η)
,

a16 = L2
2η

2(ηµ1+µ2)

12(1+η)
, a17 = − η[(λ1+2µ1)+η(λ2+2µ2)]

(1+η)
,

η = L1
L .

The complete set of boundary conditions can be also
obtained along the boundary parallel to the lamination.
We have

t j = τ2 j + σ2 j − ∂χ12 j

∂ X1
(12)

in which t j represents the simple surface traction,
τi j = ∂W

∂ei j
is Cauchy stress, σi j = ∂W

∂γi j
is relative

stress, and χki j = ∂W
∂θki j

is couple stress. These form the
complete constitutive relations for the microstructure
medium that represents the original layered medium.

3 The crack problem in layered media

Consider a layered medium of infinite extent with a
through-the-thickness crack of length 2a as shown in
Fig. 2. The crack lies at −a ≤ X1 ≤ a, X2 = 0. The
total unit cell length for the layered medium is denoted
by L = L1 + L2. A uniform pressure p0 is applied on
the surfaces of the crack.

The microstructure continuum governed by Eqs. (8–
11) is a macroscopically homogenous solid. For the
crack problem, the boundary conditions at X2 = 0 are:

t2 = τ22 + σ22 − ∂χ122

∂ X1
= −p0 for |X1| < a (13)

t1 = τ21 + σ21 − ∂χ121

∂ X1
= 0 for |X1| < a (14)

U2 = f3 (X1) , f3 (X1) = f3 (−X1) for |X1| ≤ a

(15)

f3 (X1) = 0 for |X1| ≥ a (16)

and the homogeneous far field conditions

t j = 0 for r =
√

X2
1 + X2

2 → ∞ (17)

To solve the problem, the exponential Fourier transform
with respect to X1 is used:

Fig. 2 An embedded through-the-thickness crack in a layered
medium

f̂ (s) =
∞∫

−∞
f (X1)e

is X1 dX1,

f (X1) = 1

2π

∞∫
−∞

f̂ (s)e−is X1 ds. (18)

This method of solution consists in removing the X1

dependence from the governing partial differential
Equations (8)–(11) as well as from the boundary con-
ditions. In this manner, the governing equations give
rise to four ordinary differential equations as

(
a3 − a1s2

) d2Û1

dX2
2

− a2s2Û1 − isa4
dÛ2

dX2

+
(

a6 − a5s2
) d�̂21

dX2
− isa7�̂22 = 0 (19)

(
a10 − a8s2

) d2Û2

dX2
2

− a9s2Û2 − isa4
dÛ1

dX2

− isa11�̂21 +
(

a13 − a11s2
) d�̂22

dX2
= 0 (20)

(
a6 − a5s2

) dÛ1

dX2
− isa11Û2

+
(

a15 − a14s2
)

�̂21 = 0 (21)

(
a13 − a12s2

) dÛ2

dX2
− isa7Û1

+
(

a17 − a16s2
)

�̂22 = 0 (22)
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Eliminating Û1, �̂21 and �̂22 using Eqs. (19)–(22), we
obtain a single equation in Û2:

B1
d4Û2

dX4
2

+ B2
d2Û2

dX2
2

+ B3 = 0 (23)

in which

B1 = Ã1 B̃1,

B2 = −( Ã3 B̃3 − B̃1 Ã2 − B̃2 Ã1),

B3 = Ã2 B̃2

Ã1 =
(

a3 − a1s2 − (a6 − a5s)2

a15 − a14s2

)
,

Ã2 = −
(

a2s2 − (a7s)2

a17 − a16s2

)

Ã3 = B̃3 = −is

(
a4 − a11

a6 − a5s2

a15 − a14s2 − a7

×a13 − a12s2

a15 − a14s2

)
.

B̃1 =
(

a10 − a8s2 −
(
a13 − a12s2

)2
a17 − a16s2

)
,

B̃2 = −
(

a9s2 −
(
a11s2

)2
a15 − a14s2

)
.

The corresponding characteristic equation to the
above ordinary differential equation is

B1λ
4 + B2λ

2 + B3 = 0 (24)

The four roots of the polynomial (24) above can be
expressed as

λ1 = −λ3, λ2 = −λ4 (25)

where real (λ1) < 0 and real (λ2) < 0. By taking
account of the far field condition (17), we have

Û2 =
{

α1eλ1 X2 + α2eλ2 X2 , X2 > 0
α1e−λ1 X2 + α2e−λ2 X2 , X2 < 0

(26)

From Eqs. (19)–(22), the other displacement and micro
deformation components are obtained as

Û1 =
{

D1α1eλ1 X2 + D2α2eλ2 X2 , X2 > 0
D1α1e−λ1 X2 + D2α2e−λ2 X2 , X2 < 0

(27)

�̂21 =
{

E1α1eλ1 X2 + E2α2eλ2 X2 , X2 > 0
E1α1e−λ1 X2 + E2α2e−λ2 X2 , X2 > 0

(28)

�̂22 =
{

F1α1eλ1 X2 + F2α2eλ2 X2 , X2 > 0
F1α1e−λ1 X2 + F2α2e−λ2 X2 , X2 < 0

(29)

where

D j = λ j

Ã1

(
B̃2 + B̃1λ

2
j

)
− Ã3 B̃3

Ã2 B̃3
,

E j = −λ j
a6 − a5s2

a15 − a14s2 D j + isa11

a15 − a14s2 ,

Fj = −λ j
a13 − a12s2

a17 − a16s2 + isa7

a17 − a16s2 D j , j = 1, 2.

By using the boundary condition (13) and performing
inverse Fourier transform and asymptotic analysis for
the kernel function, the following governing equation
is obtained

1

2π

a∫
−a

f3 (u)

∞∫
−∞

[
κ1 (s) − b7s2 − b8

]
e−is(X1−u)dsdu

−b7
d2 f3 (X1)

dX2
1

+ b8 f3 (X1) = −p0 (30)

where the kernel function κ1(s) is a known function

κ1(s) = G̃1 + T̃ G̃2 + L̃1 + T̃ L̃2 + isT̃ K̃2

1 + T̃
(31)

with

G̃ j = λ j

(
A2222 + 1

2
B2222

)
− is A2211 D j

−1

2
B2222 Fj ,

L̃ j = λ j

(
C2222 + 1

2
B2222

)
− C2222 Fj

−1

2
is B1122 D j ,

K̃ j = −is(
F122122λ j+

(
1

2
E122122−F122122

)
Fj

)
,

T̃ = − H̃1 + Ñ1 + is M̃1

H̃2 + Ñ2 + is M̃2
,

H̃ j = λ j

(
A2112 + 1

2
B2121

)
D j − is A2112

−1

2
B2121 E j ,

Ñ j = λ j

(
C2121 + 1

2
B2121

)
D j − is

1

2
B2121

−1

2
C2121 E j ,

M̃ j = −is
(
F121121λ j D j

+
(

1

2
E121121 − F121121

)
E j

)
, j = 1, 2,

123



114 G. L. Huang, C. T. Sun

A2222 = η (λ1 + 2µ1) + (1 − η) (λ2 + 2µ2) ,

A2211 = ηλ1 + (1 − η) λ2,

A2112 = ηµ1 + (1 − η)µ2,

B2222 = 2η [− (λ1 + 2µ1) + (λ2 + 2µ2)] ,

B2121 = 2η (µ2 − µ1) , B1122 = 2η (λ2 − λ1) ,

C2222 =
[
η (λ1 + 2µ1) + η

(1 − η)
(λ2 + 2µ2)

]
,

C2121 = η

[
µ1 + η

(1 − η)
µ2

]
,

E122122 = L2
2µ2

6
,

E121121 = L2
2 (λ2 + 2µ2)

6
,

F122122 = L2
2µ2

12 (1 − η)
,

F121121 = L2
2 (λ2 + 2µ2)

12 (1 − η)
.

and b7 and b8 are determined by conducting asymptotic
analysis of the kernel function κ1 (s) as lim|s|→∞ κ1 (s)
= b7s2 + b8, finally, the unknown functions f3 (X1)

can be determined numerically by solving Eq. (30).

4 Numerical simulation

The collocation method and the Chebyshev polynomial
expansion method are used to solve the integrodiffer-
ential Eq. (30). First, by introducing nondimensional
variables

s̄ = sa, ū = u/a, X̄1 = X1/a (32)

in the governing equation, we have

1

2π

1∫
−1

f3 (ū)

∞∫
−∞

[
κ1(s̄)−b7

a2 s̄2−b8

]
e−i s̄(X̄1−ū)ds̄dū

−b7

a2

d2 f3
(
X̄1
)

d X̄2
1

+ b8 f3
(
X̄1
) = −p0 (33)

Based on properties of the displacement field along
the crack surface as given by (15), the approximation
of function f3

(
X̄1
)

can be assumed by means of the
Chebyshev polynomial expansion as

f3
(
X̄1
) =

√
1 − X̄2

1

∞∑
n=0

ẼnUn
(
X̄1
)

(34)

in which Un are Chebyshev polynomials of the sec-
ond kind, and Ẽn unknown constants to be determined.
From (34), we have

d2 f3
(
X̄1
)

d X̄2
1

= n + 1(
1 − X̄2

1

)√
1 − X̄2

1

∞∑
n=0

Ẽn
[
n X̄1T n+1

(
X̄1
)

− (n + 1) Tn
(
X̄1
)]

(35)

where Tn are Chebyshev polynomials of the first kind.
If the expansion in (34) is truncated at the Nth term

and Eq. (33) is satisfied at the following collocation
points along the length of the crack

X̄ (l)
1 = cos

(
l

N + 1
π

)
, l = 1, 2, . . . , N (36)

then N linear algebraic equations in terms of {d} ={
Ẽ1, Ẽ2, . . . , ẼN

}
are obtained as

[Q] {d} = {t} (37)

where [Q] is a known N ×N matrix given in Appendix.
The general loading {t} = {t (1), t (2), . . . , t (N )

}
used in

Eq. (37) is given as

t (l) = −p0, l = 1, 2, . . . , N (38)

Based on the obtained solution {d} in Eq. (37), the nor-
mal component of the traction along X̄2 = 0,

∣∣X̄1
∣∣ > 1,

is obtained as

t2 = 1

2π

1∫
−1

f3 (ū)

∞∫
−∞

[
κ1(s̄)

−b7

a2 s̄2 − b8

]
e−i s̄(X̄1−ū)ds̄dū (39)

From the expression above, it is noted that there exists
no stress singularity at the crack tip because no singular
term appears in the integral.

5 Numerical results and discussion

Numerical solutions for the layered medium with an
embedded parallel crack as shown in Fig. 2 are carried
out. The main purpose of these numerical solutions is to
make comparisons among the three solutions: the finite
element solution based on the exact layered geometry,
the effective modulus theory which treats the layered
medium as a classical anisotropic solid, and the present
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Multiscale continuum modeling of a crack in elastic media with microstructures 115

microstructure continuum theory. Through these com-
parisons it is our hope to better understand the meaning
of the use of the microstructure continuum theory in
modeling crack problems in heterogeneous media.

5.1 Crack opening displacement

Figure 3 shows the comparison of the normalized dis-
placement along the crack surface U2/a calculated
from Eq. (34). The crack surfaces are under a uni-
form pressure p0/µ2 = 1. The material constants and
geometrical parameters are assumed to be L1/L2 = 4,

µ1/µ2 = 50, v1 = 0.3 and v2 = 0.35. The position
of the crack is assumed to be at the mid-plane of a
layer of material 1. The corresponding “exact” solu-
tion is obtained using the commercial finite element
code ANSYS to analyze the original cracked layered
medium. Two-dimensional plane element (four nodes
‘PLANE182’, plane strain option) is chosen to model
the layered medium. Fine meshes around the crack tips
are used to obtained converged solutions. The solu-
tion of the effective modulus theory (i.e., the layered
medium is represented by an equivalent homogenous
orthotropic solid) is also included for comparison (Sih
and Liebowitz 1968). The results in Fig. 3 indicate that
for layered media with large crack lengths relative to
the microstructure dimension, L , both the microstruc-
ture continuum and the effective modulus theory yield
pretty accurate crack opening displacement. The results
also show that the crack opening displacement is sig-
nificantly influenced by the L/a ratio. It is noted that
the effective modulus theory becomes inaccurate when
the length ratio L/a increases while the microstruc-
ture continuum theory is reasonably accurate up to
L/a = 1.

Figure 4 shows a similar comparison of the nor-
malized crack opening displacements for the layered
medium with L1/L2 = 4, µ1/µ2 = 10, v1 = 0.3 and
v2 = 0.35. The position of the crack is assumed to be
at the same position as that in Fig. 3. Similar trends are
observed. However, the microstructural effect on the
crack opening is not so significant as compared with
the results in Fig. 3.

It is expected that there is a substantial difference
between placing a crack in the stiff layer and in the
soft layer. For this reason, we consider now a crack
lying at the middle plane of a softer layer in the layered
medium. The material properties are set as L1/L2 =

Fig. 3 Normalized crack opening displacement for a horizontal
crack located in a stiff layer with µ1/µ2 = 50 and p0/µ2 = 1

Fig. 4 Normalized crack opening displacement for a horizontal
crack located in a stiff layer with µ1/µ2 = 10 and p0/µ2 = 1

0.25, µ1/µ2 = 0.1, v1 = 0.35 and v2 = 0.3. The
applied pressure is kept to be p0/µ2 = 1. Figure 5
clearly shows that, in this case, the variation of L/a ratio
does not have much influence on the crack opening dis-
placement and the microstructure continuum theory is
adequate for L/a ratios not too close to unity. Based on
the numerical solutions obtained, it seems that better
predictions can be obtained by using the microstruc-
ture continuum theory if the crack lies in the stiffer
layer and that if the stiffness ratio µ1/µ2 is large.

When the crack is located at an arbitrary position in
the layered medium, the symmetric condition between
the two crack surfaces can not be satisfied. In fact, this
type of local asymmetry is very difficult if not impossi-
ble to model with an equivalent homogeneous medium.
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Fig. 5 Normalized crack opening displacement for a horizontal
crack located in a soft layer with µ1/µ2 = 0.1 and p0/µ2 = 1

5.2 Crack tip stress fields

Based on the present microstructure continuum the-
ory, there does not exist a singular deformation field
near the crack tip according to Eq. (39). This behav-
ior is different from that in elastic solids. In this sub-
section we numerically compare the crack tip stress
field predicted by the microstructure continuum the-
ory and that calculated using the FEA in conjunction
with the exact layered geometry. The FEA result is
regarded as the “exact” solution. The comparison is

made based on the ratio β = lim X̄1−1→0.01

[ o
t2(X̄1,0)
t2(X̄1,0)

]

where
o
t2
(
X1, 0

)
is the crack opening stress according

to the solution of the effective modulus medium at a
distance of 0.01a from the crack tip (the solution can
be found in Sih and Liebowitz 1968), and t2

(
X̄1, 0

)
is the normal component of the Cauchy stress (given
by Eq. 39) from the microstructure continuum theory or
the finite element analysis of the exact layered medium.
Two layered media with µ1/µ2 = 10 and µ1/µ2 = 50,
respectively, are considered. The comparison presented
in Fig. 6 indicates that the microstructure continuum
theory can give fairly accurate opening stress near the
crack tip for the range up to L/a = 1. It is noted that,
as L/a → 0, the microstructure continuum solution
converges to its classical continuum (effective modu-
lus theory) counterpart. Hence, theoretically, the near
tip stress field on the microstructure continuum theory
would become singular as L/a → 0 (Fig. 6).

Fig. 6 Normalized stress distribution around the tip of the par-
allel crack

Fig. 7 Normalized stress intensity factor for µ1/µ2 = 10 and
p0/µ2 = 1

It is a popular approach in fracture mechanics of
linear elastic solids to determine the stress intensity
factor numerically by plotting the opening stress ver-
sus the distance from the crack tip in the form K =
t2

√
2π(X1 − a). The stress intensity factor is obtained

as X1 approaches a, the crack tip location. Although
the opening stress t2 according to the microstructure
continuum theory is not singular, we also plot K =
t2

√
2π(X1 − a) for comparison. In Fig. 7, normalized

“stress intensity factors” K ∗ = K/p0
√

a for the lay-
ered medium with L1/L2 = 4, µ1/µ2 = 10, v1 =
0.3 and v2 = 0.35 obtained with the microstructure
continuum theory, the finite element method, and the
effective modulus theory are shown. It is evident that
the stress intensity factor according to the microstruc-
ture continuum theory diminishes as X1 approaches
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a (the crack tip) that is consistent with the fact that
the opening stress is not singular. If we ignore the last
portion of the curve and project the value of K ∗(at
X1 = a) as shown by the dashed line, then the FEM
solutions and the microstructure continuum solutions
are in fairly good agreement. On the other hand, the
stress intensity factor by the effective modulus theory
is not influenced by the ratio L/a and appears to be sub-
stantially lower than those obtained with the FEM. It
is noted that the decrease of K ∗ = K/p0

√
a accord-

ing to the microstructure continuum theory does not
mean that the opening stress obtained from the micro-
structure continuum theory decreases when approach-
ing the crack tip. In fact, the opening stress increases but
remains bounded as (X1 − a) approaches zero. This
result indicate that the present microstructure contin-
uum theory cannot accurately describe the local singu-
lar stress field with high strain gradient. It is expected
that a higher order microstructure continuum theory
should be able to yield more accurate local stresses near
the crack tip. Nevertheless, the result in Fig. 7 indicates
that a reasonable estimation of the local stress intensity
factor may be obtained using the projection method
based on the stress field of the microstructure contin-
uum at a short distance from the crack tip.f.

6 Conclusions

In this study, a microstructure continuum theory was
employed to analyze crack opening stresses in a 2D
layered medium consisting of two different alternat-
ing elastic materials. For the crack was assumed to be
parallel to the plane of the layer and subjected to a
uniform pressure on the crack surfaces. Fourier trans-
form was employed to solve the problem. The result-
ing integrodifferential equations were discretized using
the collocation method and the Chebyshev method. It
was found that the microstructure continuum solution
yielded no stress singular near the crack tip. Numeri-
cal solutions showed that the effective modulus theory
for the layered medium tends to overestimate the crack
opening displacement and the crack opening stress near
the crack tip if the crack is located in the stiff layer.
The converse is true if the crack is located in a soft
layer. Finally, the local stress intensity factor obtained
using a projection technique based on the microstruc-
ture continuum solution was found to be in fairly good
agreement with the finite element solution based on the
exact layered geometry.

Appendix

The matrix [Q] used in Eq. (37) is given by

Q =

⎡
⎢⎢⎢⎣

Q11 Q12 · · · Q1N

Q21 Q22 · · · Q2N
...

...
...

...

QN1 · · · · · · QN N

⎤
⎥⎥⎥⎦

with

Qnl = 1

2π

1∫
−1

√
1 − ū2un(ū)

∞∫
−∞

[κ(s̄)

−b7

a2 s̄2 − b8

]
e
−i s̄
(

X̄ (l)
1 −ū

)
ds̄dū

−b7

a2

n+1(
1−
(

X̄ (l)
1

)2
)√

1−
(

X̄ (l)
1

)22

×
[
n X̄ (l)

1 Tn+1

(
X̄ (l)

1

)

− (n + 1) Tn

(
X̄ (l)

1

)]
+ b8

√
1 −

(
X̄ (l)

1

)22

Un

(
X̄ (l)

1

)

n, l = 1, 2, . . . , N .
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