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a b s t r a c t

Pressure-shear wave conversions on free boundaries or interfaces of solids are peculiar and unavoidable
wave phenomena in two-dimensional (2D) elasticity, compared with electromagnetic and acoustic
wave systems. However, flexibly tailoring their conversions in a reversible and programmable manner
to meet a predefined conversion efficiency and spatial distributions of converted wave fields has
never been touched before. In this letter, we introduce a programmable meta-boundary with deep
subwavelength thickness that is composed of an array of piezoelectric sensing-and-actuating units
controlled by electrical circuits such that pressure to shear wave conversions are able to be electrically
reconfigured. Through numerical simulations, we show the meta-boundary can nearly totally convert
an incident pressure wave to a reflected shear wave even for normal incidences. Thanks to the
programmability of electrical control circuits, incident waves can span a large range of angles, from
negative to positive values, and reflected shear waves converted from pressure waves are also able
to be steered to different directions. The design could find potential applications in protection of
underwater structures, acoustic cloaks, ultrasonic imaging and new types of shear-wave-transducer
devices.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Two dimensional isotropic solids usually support two orthog-
onal bulk wave modes: dilatational/pressure (P-) and distor-
tional/shear (S-) waves [1]. They can be coupled with each other
in the presence of discontinuities [1]. Wave mode conversions
are peculiar wave phenomena associated with these couplings.
They have been characterized by Snell’s law when interfaces or
boundaries are flat. For some applications, such as elastic wave
lenses, energy harvesting and sometimes in structural health
monitoring and nondestructive evaluation, elastic wave mode
conversions need to be kept minimum [2–4]. Whereas, there
exists several scenarios where elastic wave mode conversions
are expected to be maximum, such as protection of underwater
structures, acoustic cloaks, ultrasonic imaging and new types
of shear-wave-transducer designs [4–11]. Driven by those mo-
tivation, manipulating elastic wave mode conversion has long
been pursued, especially when the concept of mechanical meta-
materials/metasurfaces have been suggested recently [12–15].
For example, double-negative metamaterials [12], Fabry–Pérot
resonant metasurface [13] and transmodal metasurface [15] have
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displayed mode conversions between P- and S-waves. However,
finding an approach that can flexibly shape elastic wave con-
versions in a reversible and programmable way to accomplish
a predefined conversion efficiency and spacial distributions of
converted wave fields is still a challenge topic.

Active/reconfigurable/programmable mechanical metamate-
rials and metasurfaces have demonstrated their potentials for
achieving tunable and controllable material properties and func-
tionalities in both static and dynamic regimes [16–22]. They are
typically designed by implementing active/smart material ele-
ments into passive metamaterial microstructures [18,23], i.e. by
using smart polymers [16,18], liquid metals [24,25], shape mem-
ory materials [26] and photosensitive materials [27]. Neverthe-
less, those soft materials usually display relatively large material
damping, which prevents them from linear elastodynamic appli-
cations. On the other hand, the piezoelectric shunt technique,
which although usually contains feedback control loops and is
much more complex, has proved as an efficient and highly flex-
ible approach for elastic wave and vibration control [22,28,29].
Aligned with this technology, it has been demonstrated nu-
merous interesting and superior properties and functionalities,
ranging from real-time tunability [22,30], broadband operabil-
ity [22,31,32], and multifunctionality [22,33,34] beyond passive
counterparts.
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Fig. 1. (a) Elastic wave mode conversion on a free boundary; (b) Elastic wave mode conversion on a piezoelectric-based programmable meta-boundary.

In this letter, we aim to design a piezoelectric-based pro-
grammable meta-boundary on a thin elastic plate that can manip-
ulate P- to S-wave mode conversions by reconfiguring electrical
control circuits. The programmable meta-boundary is composed
of an array of piezoelectric sensing-and-actuating units connected
by electrical control circuits. We analytically derive P- to S-wave
mode conversion relations in terms of the phase gradient of
reflection coefficients on a boundary. In a one-dimensional (1D)
setting, we bridge connections between reflection coefficient of
longitudinal waves and corresponding transfer functions imple-
mented in the control system. Through numerical simulations,
we validate the design and show the meta-boundary can nearly
totally convert an incident P-wave to a reflected S-wave even
for normal incidence. The programmability of electrical control
circuits allows incident waves to span a large range of angles and
reflected shear waves to be steered to different directions. The
programmable meta-boundary is expected to prompt device de-
velopment in protection of underwater infrastructures, ultrasonic
imaging and new transducers for shear wave generations.

2. Design of the meta-boundary for controlling wave mode
conversions

2.1. Phase-gradient meta-boundary

Let us first consider elastic wave reflections on free boundaries
of a thin elastic rectangular plate (Fig. 1a). We mainly focus on P-
wave incidence in this study. When a plane P-wave is incident to
one of its free boundaries at the angle, θ , the P-wave is directly
reflected back at the angle, θ1 = θ . At the same time, a plane
S-wave is also generated and reflected back at the angle θ2, due
to the continuity conditions. The relations between incident and
reflected angles are followed by Snell’s law [1],

kp sin(θ ) = kp sin(θ1) = ks sin(θ2), (1)

where kp and ks denote wavenumbers of P- and S-waves, re-
spectively. The amplitude ratio between reflected and incident
waves is predetermined when the material and incident an-
gle are defined. It has been shown that this ratio tends to be
extremely small when θ becomes small [1]. Inspired by the trans-
modal metasurface [15], introducing phase-gradient on local re-
flection coefficients only for P-waves can effectively modify not
only the relations between incident and reflected angles im-
posed by Snell’s law (Eq. (1)) but also their amplitude ratios. The
generalized Snell’s law then reads [15]

kp sin(θ ) +
∆φ

∆x
= kp sin(θ ′

1) = ks sin(θ ′

2), (2)

where ∆φ

∆x represents the phase gradient of local reflection co-
efficients of P-waves along x-direction, and θ ′

1 and θ ′

2 denote
reflected angles of P- and S-waves, respectively (Fig. 1b). As
indicated in Eq. (2), the term, ∆φ

∆x , allows for tailoring angles, θ ′

1
and θ ′

2 to different values other than that constrained by Eq. (1).

Once reflected angles are changed, the amplitude ratios between
reflected P- and S-waves can also be modified. Our particular
attention in the next section, however, is paid on the cases, where
sin(θ ) +

1
kp

∆φ

∆x > 1 (or sin(θ ) +
1
kp

∆φ

∆x < −1), while 0 <
kp
ks

sin(θ ) +
1
ks

∆φ

∆x < 1 (or −1 <
kp
ks

sin(θ ) +
1
ks

∆φ

∆x < 0). This
is possible, when kp < ks, and material parameters of most of
isotropic materials satisfy this condition. For those cases, reflected
P-waves will become evanescent, as sin(θ ′

1) > 1 (or sin(θ ′

1) <

−1), and only reflected S-waves are retained. Therefore, incident
P-waves can be totally converted to S-waves. To achieve this
wave phenomenon, a meta-boundary unit cell that can be easily
programmed to realize on demand phase profiles of reflected
P-waves will be introduced in the followings.

2.2. Design of piezoelectric-based programmable meta-boundary

To construct the piezoelectric-based programmable meta-
boundary, an array of short rods at a portion of a boundary is
firstly cut from a host plate (Fig. 2a). Incident P-waves can be con-
verted to longitudinal and transverse waves propagating along
the 1D short rods, when θ ̸= 0. In the following microstructural
design, we aim to manipulate phases of reflected longitudinal
waves and leave transverse waves intact. The length of the short
rods is designed at an extremely subwavelength scale such that
the P- and S-wave conversion at the plate boundary can still be
approximated by Eq. (2). For the purpose of the phase manipula-
tion, we attach one piezoelectric patch on each tip of those rods
to function as actuator (Fig. 2a). When applying voltage signals,
longitudinal waves will be generated and propagate through the
rod. Thanks to constructive and/or destructive interference with
the reflected longitudinal wave at that end boundary, the phase
and magnitude of the reflection coefficient of longitudinal waves
can be flexibly tailored. To automatically determine when and
how to apply voltage signals to those actuators, we implement
a feedback control loop. A piezoelectric sensor is bonded on
a thin beam and finally attached to the surface of the actua-
tor (Fig. 2a), such that longitudinal wave signals are effectively
detected thanks to the resonant motion of this thin beam. Specifi-
cally, a charge amplifier that converts electrical charges to voltage
signals is connected to the sensor. The sensing signal, Vs, is fed
to a controller. The output voltage signal from the controller is
amplified by a voltage amplifier to Va and finally applied to the
actuator. The relations between sensing and actuating signals are
defined by a transfer function, H = Va/Vs. In the design, sensing
signals contain components from incident, reflected and actuator-
generated longitudinal waves, making the system feedback. In
order to conduct future experimental testing, two main issues
must be addressed: (1) the electrical transfer function in time-
domain should be properly designed to be causal, scalable and
stable; (2) the meta-boundary should be fabricated with high
precision to avoid the coupling with asymmetric wave modes.

We develop an analytical model to determine the transfer
function, H , for achieving a desired local phase modulation. Wave
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Fig. 2. (a) Design of the piezoelectric-based programmable meta-boundary; (b) Schematic of the one-dimensional setting of the meta-boundary unit cell.

propagation is considered on a 1D rod with a meta-boundary unit
cell on the free end (Fig. 2b). Periodic boundary conditions are
applied on the left and right edges of the rod. The width of the
rod is selected as the periodicity, w, of the two-dimensional plate
implemented with the meta-boundary. The length and width of
the short rod in the meta-boundary are denoted as L1 and w1,
respectively, and the thicknesses of the resonant sensing beam is
represented by hb. The gap between the actuator and the sensing
beam is denoted as hg . The thicknesses of the sensor and actuator
are represented by hp1 and hp2, respectively, and Ls denotes the
length of the sensor. Consider an incident P-wave in Fig. 2b, of
which the displacement field can be simply written as

ui = U0e−ikpy (3)

where U0 denotes the complex wave amplitude of the incident
wave. The time harmonic term, e−iωt , is suppressed from Eq. (3),
which is also applied throughout the rest of this study. In the
absence of Va, the reflected wave field at the free boundary can
be approximately described by

u(p)
r = U0eikpy (4)

Note that Eq. (4) is valid, when the length of the short rod in the
meta-boundary is much smaller than the wavelength. Applying
Va to the actuator, the generated P-wave can read

ua = κaVaeikpy (5)

where κa denotes the electromechanical coupling coefficient of
the piezoelectric actuator. Its value can be determined through a
numerical test by calculating the displacement wave field with
the actuator applied by an unit voltage. In the presence of Va,
the total wave field propagating away from the meta-boundary
becomes

ur = u(p)
r + ua = (U0 + κaVa)eikpy (6)

As discussed before, the sensing signal contains components of
not only the incident and reflected P-waves but also the feedback
effects due to the actuation, which is then written by

Vs = κsU0 + GVa (7)

where κs denotes the electromechanical coupling coefficient of
the piezoelectric sensor and G represents the feedback coefficient
from actuating to sensing signals. In particular, the value of κs can

Table 1
Geometric parameters of the reprogrammable piezoelectric meta-boundary.
L 300 mm w 10 mm w1 5 mm h 3 mm
Ls 4 mm L1 3 mm hp1 0.2 mm hp2 1 mm
hb 0.5 mm hg 0.5 mm

also be numerically determined by calculating the sensing volt-
age through impinging an incident P-wave of unit displacement
amplitude. On the other hand, by prohibiting incident waves
and applying a voltage on the actuator, the ratio calculated nu-
merically between sensing and actuating voltages defines G. By
substituting Eq. (7) into the transfer function defined as, H =

Va/Vs, we have

H =

Va
U0

κs + G Va
U0

(8)

On the other hand, by substituting Eqs. (3) and (6) into the
reflection coefficient r = ur (y = 0)/ui(y = 0), we obtain

r = 1 + κa
Va

U0
(9)

Comparing Eqs. (8) and (9) and eliminating the term, Va/U0, the
transfer function can be expressed as

H =
r − 1

κsκa + G(r − 1)
(10)

Eq. (10) represents the relation between wave reflection co-
efficient and electrical transfer function. Therefore, the meta-
boundary offers a way to tailor the reflection coefficient of P-
waves locally along the plate boundary through programming the
transfer function, H . According to Eq. (10), for a desired wave
reflection coefficient, we can calculate the required electrical
transfer function, or vice versa. Note that the transfer function H
is derived from harmonic analysis at discrete frequencies. There-
fore, causality and stability cannot be guaranteed over a range of
frequencies, which should be carefully considered in experiments.
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Fig. 3. (a) Numerically calculated amplitudes and phase angles of the reflection coefficient, rn , by prescribing r with different phase angles in Eq. (8); (b) Normalized
displacement wave fields of incident and reflected waves along y-direction for arg(r) = 0, π/2, π, 3π/2 and 2π .

Fig. 4. Normalized divergence (top) and curl (bottom) of displacement wave fields under normal incidences: (a) ∆φ

∆x = π/25 rad/mm; (b) and ∆φ

∆x = −π/30 rad/mm.

3. Results

3.1. Phase manipulations in 1D setting

To validate the phase manipulation ability of the meta-
boundary, piezoelectric coupled numerical simulations are per-
formed using a commercial finite element software, COMSOL
Multiphysics. In simulations, we apply the geometric setting
shown in Fig. 2b and add a perfectly-matched layer to the other

end of the rod to suppress reflected waves from that bound-
ary. Plane stress assumptions are adopted in calculations, and
geometric and material parameters are given in Tables 1 and
2, respectively. The transfer function, H , is implemented into
the numerical model following Eq. (10). During calculations, our
attention is paid on the cases only with phase modulations, such
that |r| = 1. We select the operation frequency as 80 kHz, which
can also be designed at different frequencies as well. Fig. 3a
shows numerically calculated amplitudes and phase angles of the
reflection coefficient, rn, by prescribing r with different phase
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Fig. 5. Normalized divergence (top) and curl (bottom) of displacement wave fields under oblique incidences: (a) θ = 10◦ , ∆φ

∆x = π/30 rad/mm; (b) θ = 20◦ ,
∆φ

∆x = π/30 rad/mm; (c) θ = 30◦ , ∆φ

∆x = π/40 rad/mm; (d) θ = −40◦ , ∆φ

∆x = π/20 rad/mm.

Table 2
Material properties of the reprogrammable piezoelectric meta-boundary.
Material properties (Steel)

cp 5700 ms−1 cs 3220 ms−1 ρb 7850.0 kgm−3

Material properties (PZT 5H)

sE11 16.5 × 10−12 m2N−1 d33 5.93 × 10−10 CN−1

sE33 20.7 × 10−12 m2N−1 d31 −2.74 × 10−10 CN−1

sE44 43.5 × 10−12 m2N−1 d15 7.41 × 10−10 CN−1

sE12 −4.78 × 10−12 m2N−1 εS
33 1433.6 ε0

sE13 −8.45 × 10−12 m2N−1 εS
11 1704.4 ε0

ρp 7500.0 kgm−3 ε0 8.842 × 10−12 CmV−1

angles in Eq. (10). As illustrated in the figure, amplitudes of rn
almost remains around unitary with different phases in r and

the calculated phase angles are very close to the prescribed ones,
which is pursued to be achieved. This indicates that the meta-
boundary is a good candidate for phase manipulations. As several
phase manipulation cases, displacement wave fields of incident
and reflected waves along y-direction are shown in Fig. 3b. The
phase tuning effect is clearly seen from the figure for arg(r) =

0, π/2, π, 3π/2 and 2π , respectively.

3.2. Shaping P- to S-wave conversions in a plate

We then construct a piezoelectric-based programmable meta-
boundary with 30 unit cells to exploit its performances in con-
trolling P- to S-wave conversions. Plane stress assumptions are
applied again and the operation frequency is still at 80 kHz. Mate-
rial and geometric parameters are the same as those used in Fig. 3.
Perfectly-matched layers are implemented to the other three
boundaries of the plate to inhibit boundary reflections. We apply
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normal forces in a Gaussian profile on a line source to generate
incident P-waves propagating to the meta-boundary. In the study,
we focus on linear phase profiles of the reflection coefficient
along the meta-boundary such that ∆φ

∆x becomes a constant. We
first examine the wave conversion performances under normal
incidences, for which the conversion is considered to be vanished
on a flat free boundary. Divergence of displacement denotes
changes in volume and thus can display longitudinal or pressure
(P-) wave propagation. On the other hand, curl of displacement
represents infinitesimal rotation with no volume change and
thus can display rotational or shear (S-) wave propagation. The
divergence and curl of displacement fields are plotted to show
the longitudinal and shear wave propagations. Figs. 4a and 4b
show the normalized divergence and curl of the displacement
wave fields with ∆φ

∆x = π/25 rad/mm and −π/30 rad/mm,
respectively. As can be found from figures of the divergence of
displacement wave fields, the reflected P-waves are very weak,
as the wave field is almost antisymmetric with respect to the
line source. In Fig. 4a, it is noticed that small amount of S-
wave energy leaks to the negative direction due to higher-order
diffraction. Rayleigh wave propagated to the left is also observed
on the boundary, which is caused by the meta-boundary grat-
ing. However, compared with displacement fields in Fig. 4a, the
amplitude of the reflected P-waves in Fig. 4b becomes slightly
larger, which is caused by the higher-order diffraction, and in
contrast the amplitude of the reflected S-wave becomes smaller.
Although a diffracted P-wave is visible in Fig. 4b, its amplitude
is quite small compared with the incident P-wave. Therefore, the
P-wave is nearly totally converted to S-wave. Most importantly,
the distributions of S-waves can be flexibly tailored, to the left
or right side depending on the sign of the phase gradient, ∆φ

∆x
programmed in the meta-boundary (Fig. 4a and b). We quan-
titatively calculate reflection angles of the two cases based on
Eq. (2), and find θ ′

2 = 53.6◦ and −42.1◦, respectively, of which
the directions are plotted by white arrows in figures of the curl of
displacement fields. Good agreement between numerical results
and analytical predictions is clearly seen. In contrast to normal
incidences, the meta-boundary can also be operated for total
wave mode conversions when incidences become oblique. To
demonstrate these, Figs. 5a–5d show the normalized divergence
and curl of displacement wave fields with θ = 10◦, 20◦, 30◦ and
−40◦, respectively. In Fig. 5a and b, ∆φ

∆x = π/30 rad/mm, incident
P-waves are nearly totally converted to S-waves, which, at the
same, are steered to predefined directions. We also notice that
the total wave conversion is still not perfect for these two cases,
especially in the near field, which may be caused by high-order
diffraction. By programming ∆φ

∆x = π/40 rad/mm (Fig. 5c), total
wave mode conversions still occur with θ = 30◦. Whereas, when
θ = −40◦, the meta-boundary will no longer fully convert P-
waves to S-waves with ∆φ

∆x = π/30 rad/mm or π/40 rad/mm,
as indicated in Eq. (2). To make the total wave mode conversion
possible, ∆φ

∆x needs to be either negative or larger positive values.
For each phase gradient discussed in Fig. 5a–c, there exists a
critical angle θc and total wave mode conversion is expected
if incidence angles are larger than θc . It is also important to
mention that the meta-boundary can be reconfigurable to realize
the total wave conversion at other frequencies by redesigning the
electrical transfer function, H . The meta-boundary proposed can
be easily scaled up or down for various wave mode converting ap-
plications. In Fig. 5d, we select ∆φ

∆x = π/20 rad/mm, and find the
converted S-wave propagates back to the incident direction. The
meta-boundary therefore functions as a ‘‘retroreflector’’, where
the incident and reflected waves have different polarizations.

4. Conclusion

In conclusion, we introduce a piezoelectric-based meta-
boundary controlled by electrical circuits to disturb, in a repro-
grammed way, P- and S-wave conversions on a free boundary.
The meta-boundary is designed by building an array of piezoelec-
tric sensing-and-actuating units connected by feedback control
loops. Using numerical simulations, we demonstrate the meta-
boundary supports total wave mode conversions, from P- to
S-waves in particular. The programmability of electrical control
circuits allows converted S-waves to be steered to different di-
rections, and incident waves spanning a large range of angles. We
believe the piezoelectric-based programmable meta-boundary
suggested herein could shed light in the design of elastody-
namic control devices in general, and in non-destructive evalu-
ation, medical ultrasonics and imaging, protection of underwater
structures and acoustic cloaks in particular.
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