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Abstract A high-order continuum model is developed to study wave propagation in nanowires. By using the
model, heterogeneous nanostructure effects can be captured especially for high wave frequency cases. Surface
stress effects are also included by using the incremental deformation approach. The governing equations of
motion in the nanowire are derived including both the strain-independent and strain-dependent surface stresses.
For simplicity and clarity, specific attention will be paid to the effects of strain-independent surface stress in this
study. The accuracy of the proposed model is validated by comparing dispersion curves of longitudinal wave
propagation from the current model with those from the exact solution. By conducting a reduced formulation,
the results predicted by the current model will be compared with those based on existed high-order models to
show capability of the current model. Numerical simulations are then conducted to study both longitudinal and
flexural wave propagation in nanowires. The surface stress effects upon both longitudinal and flexural wave
propagation in nanowires are demonstrated, from which the size dependent wave information in nanowires
can be observed. Some new physical wave phenomena related to the surface stress effects are discussed.

1 Introduction

Metallic and semiconducting nanowires have in recent years drawn considerable interest from the scientific
community for the future application of multifunctional nanoelectromechanical systems (NEMS) [1–3]. One
primary reason for such an intense interest in nanowires lies in the unique physical properties related to surface
stress due to their small sizes and large surface area to volume ratio. It has been found that surface stresses
have an appreciable effect on material mechanical properties at nanoscale as what is experimentally observed
and theoretically predicted [4–7]. For long-term reliability of various devices at nanoscale, researchers should
deeply understand mechanical properties of nanowires including static and dynamic behavior.

Recently various approaches have been developed to understand size-dependent elastic behavior and sur-
face effect on nanowires under the static loading. Wang and Li [8] used first-principles density functional
theory to predict the size dependence of Young’s modulus of nanowires. Hu et al. [9] calculated the size-
dependent Young’s modulus of nanowires and nanotubes based on the empirical Bucklingham-type potential.
Based on surface elasticity theory [10,11], Zhang et al. [12] analyzed surface stress effects on size-dependent
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elastic moduli and yield strength of nanowires. By employing molecular dynamics simulation, Koh et al. [13]
investigated the effects of thermal conditions and strain-rates on the deformation characteristics and mechan-
ical properties of the nanowire under uniaxial tension. The Young’s modulus of the nanowire was found to be
significantly different from its bulk counterpart. However, compared to the research on the static behavior of
the nanowire, much less attention was paid on the dynamic behavior of the nanowire, which is also one of the
most important fundamental issues for the design of nanodevices.

Using the surface Cauchy–Born model, Park and Klein [14] analyzed variations in the nanowire resonant
frequencies due to surface effect within a finite deformation framework for varying boundary conditions.
It was found that if finite deformation kinematics were considered, the strain independent surface residual
stress substantially altered the resonant frequencies of the nanowires for different boundary conditions. Wu
and Dzenis [15] studied longitudinal and flexural wave propagation in nanowires/fibers within the framework
of conventional continuum mechanics. In the study, the surface effects were considered by introducing the
strain-independent surface tension/stress in the conventional love’s rod theory and Timoshenko beam theory.
Effects of strain-dependent surface stress upon the mechanical behavior of nano-composites have also been
investigated recently [16,17]. However, in those approaches, heterogeneous nanostructure effects upon the
wave propagation in the nanowire are not considered even for very high wave frequencies (THz). It should be
mentioned that the heterogeneous nanostructure effects should be considered when the characteristic length
of deformation (or wave-length) becomes comparable to or smaller than the characteristic length of the heter-
ogeneous nanostructures [18–20]. Therefore, a high-order continuum model, which can capture heterogeneity
of the nanowires, is highly needed especially for high frequency nanowire-based devices [21].

In this study, a high-order continuum model is developed to investigate the high-frequency longitudinal
and flexural wave propagation in nanowires based on the energy approach. In the current model, additional
kinematic variables are introduced to account for the nanostructure heterogeneity and the local motion in the
nanowires. Surface effects are first incorporated into the current model by using the incremental deforma-
tion approach [22,23]. The governing equations of motion in the nanowire are derived including both the
strain-independent and strain-dependent surface stresses. The effect of strain-dependent surface stress upon
the dynamic behavior of nanomaterials is briefly discussed. For simplicity and clarity, specific attention is
paid to the strain-independent surface stress in this study. The accuracy of the proposed model is validated by
comparing results of longitudinal wave propagation obtained from the current model with those from the exact
solution [24]. By conducting a reduced formulation, the current model will be compared with other existed
high-order models to show capability of the current model. Numerical simulations are conducted to investigate
both longitudinal and flexural wave propagation in nanowires with surface effects. It is found that the wave
propagation in nanowires is both size- and frequency-dependent.

2 High-order continuum model for nanowires with surface effects

To study high-frequency wave propagation in the nanowire with surface effects, a high-order continuum model
is necessary and needed to capture heterogeneous nanostructure effects. In the model, additional kinematic
variables are introduced to describe the local motion of nanostructures. Moreover, effects of the surface stress
upon the wave propagation will be first considered by using the incremental deformation approach.

2.1 Longitudinal wave motion

Consider first a longitudinal wave propagating in an elastic nanowire with constant circular cross section as
illustrated in Fig. 1. A cylindrical coordinate system (r, θ, x) is adopted with the origin of the coordinate at
the center of the cross section, where r, θ, x are the radial coordinate, azimuthal coordinate and longitudinal
coordinate, respectively. In Fig. 1, the symbol τ represents the surface stress acting along the axis direction of
the nanowire, and a denotes the radius of the nanowire.

Based on the surface elasticity theory, the general linear constitutive relation of the surface can be written
as

τi j = τ0δi j + λsε
s
vvδi j + 2Gsε

s
i j , (1)

where the subscripts i and j denote the stress and strain components along r, θ and x directions, δi j denotes the
Kronecker delta, τi j represents the total surface stress, τ0 represents the strain-independent surface stress, εs

i j
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Fig. 1 Longitudinal wave motion in the nanowire with the surface stresses

is the surface strain, and λs and Gs denote surface moduli, respectively. For the longitudinal wave propagation
problem, the constitutive relation of the surface stress can be simplified as

τ = τ0 + τe, (2)

where τe = (λs + 2Gs) εs
xx = Esε

s
xx is the strain-dependent stress, and εs

xx = εxx |r=a .
To capture heterogeneous nanostructure effects, a generalized high-order continuum model is used to

describe local displacements in the nanowire as

ux = U (x, t) , (3)

ur = �1 (x, t) r + �2 (x, t) r2, (4)

where ux and ur are the local displacements in the longitudinal and radial directions, respectively, and �1 (x, t)
and �2 (x, t) are the kinematic variables to capture local motion due to the heterogeneity along the radial direc-
tion. Based on Eqs. (3) and (4), linearized local strain components can be obtained as

εxx = ∂U (x, t)

∂x
, (5)

εrr = r�1 (x, t) + 2r�2 (x, t) , (6)

εθθ = r�1 (x, t) + r�2 (x, t) , (7)

and the isotropic constitutive equations can be expressed as

σxx = λ (εxx + εrr + εθθ ) + 2Gεxx , (8)

where λ and G are the Lamé constants of the bulk nanowire.
To consider surface stress τ, the formulation according to Trefftz’s theory will be taken [22,23]. Using

Trefftz’s incremental stress components which are assumed to be related linearly to the accompanying defor-
mation, we can obtain an expression for the incremental strain energy density for the surface stressed nanowire
as

	U =
〈 εxx∫

0

σxx dεxx +
εxx∫
0

τ edεxx +


ε xx∫
0

τ 0d

εxx −

εxx∫
0

τ 0dεxx

〉
, (9)

in which 〈·〉 = 1
V

∫
V (•)dV, V is volume of the nanowire, and 


εxx = ∂ux
∂x + 1

2

(
∂ux
∂x

)2 + 1
2

(
∂ur
∂x

)2
is the

Lagrangian stain component.
The kinetic energy density for the longitudinal motion can be expressed by

T =
〈

1

2
ρ

(
u̇2

x + u̇2
r

)〉
, (10)

where ρ is the mass density of the nanowire.
By applying Hamilton’s principle [24,25], the equations of motion in the nanowire with surface stresses

can be obtained as

ρÜ − 2λ

(
∂�1

∂x
+ a

∂�2

∂x

)
−

[
λ + 2G + (1 − v)

2τ0

a
+ 2Es

a

]
∂2U

∂x2 = 0, (11)

ρa2�̈1 + 4

5
ρa3�̈2 + (8λ + 2G) (�1 + a�2) + 4λ

∂U

∂x
− 4aτ0

(
∂2�1

∂x2 + a
∂2�2

∂x2

)
= 0, (12)
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4

5
ρa2�̈1 + 2

3
ρa3�̈2 + (8λ + 2G)�1 + a (9λ + 10G)�2

+ 4λ
∂U

∂x
− 4aτ0

(
∂2�1

∂x2 + a
∂2�2

∂x2

)
= 0.

(13)

It should be mentioned that Poisson’s ratio effects are also included in the derivation of the above governing
equations. Moreover, different from the conventional high-order continuum theory, the current high-order
model contains the parameters related to the strain-independent and the strain-dependent surface stress and
intrinsic length scales, and thus can reflect size- and surface-dependent wave responses in the nanowire. As
shown in Eq. (11), the effects of the strain-dependent surface stress upon the wave propagation can be pre-
dicted by considering different surface moduli Es . For simplicity and clarity, we will focus on effects of the
strain-independent surface stress upon the wave propagation by setting Es = 0 in the study.

2.2 Flexural wave motion

Following a similar manner, a high-order continuum model will be formulated to analyze flexural wave prop-
agation in nanowires to capture heterogeneous nanostructure effects. A coordinate system (x, y, z) will be
adopted with the origin of the coordinate at the center of the cross section, where x is the coordinate along
the axis direction, and y and z are the coordinates along the cross-section directions. Based on the current
high-order model for the flexural wave motion, local displacements can be approximated as

ux = −z�1 (x, t) − z3�2 (x, t) , (14)

uz = W (x, t) , (15)

where �1 (x, t) and �2 (x, t) are kinematic variables to capture local motion due to heterogeneity. The lin-
earized strain-displacement relations are given by

εxx = −z
∂�1 (x, t)

∂x
− z3 ∂�2 (x, t)

∂x
, (16)

γxz = −�1 (x, t) − 3z2�2 (x, t) + ∂W (x, t)

∂x
, (17)

in which εxx and γxz are the normal strain and the transverse shear strain, respectively. The isotropic constitutive
equations of the nanowire are

σxx = Eεxx , (18)

σxz = κGγxz, (19)

where E and G are the Young’s modulus and shear modulus, respectively, and κ is the shear correction coef-
ficient with circular cross section κ = (

6 + 12ν + 6ν2
)
/
(
7 + 12ν + 4ν2

)
[26], in which ν is the Poisson’s

ratio.
To consider the surface stress effects and follow the Trefftz’s theory, the incremental deformation energy

density 	U can be obtained as

	U =
〈 εxx∫

0

σxx dεxx +
γxz∫
0

σxzdγxz +
εxx∫
0

τ edεxx+


ε xx∫
0

τ 0d

εxx −

εxx∫
0

τ 0dεxx

〉
, (20)

where 

εxx = −z ∂�1

∂x − z3 ∂�2
∂x + 1

2

(
z ∂�1

∂x

)2 + z4 ∂�1
∂x

∂�2
∂x + 1

2 z6
(

∂�2
∂x

)2 + 1
2

(
∂W
∂x

)2
is the Lagrangian stain

component for the flexural wave motion. The kinetic energy density for flexural motion can be obtained as

T =
〈

1

2
ρ

(
u̇2

x + u̇2
z

)〉
. (21)
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Similarly, by applying Hamilton’s principle, equations of the flexural motion can be readily obtained as

ρẄ + κG

(
∂�1

∂x
− ∂2W

∂x2 + 3

4
a2 ∂�2

∂x

)
− 2

a
(τ0 + Es)

∂2W

∂x2 = 0, (22)

ρa2�̈1 + 4κG
(
�1 − ∂W

∂x + 3
4 a2�2

) − Ea2
(

∂2�1
∂x2 + 1

2 a2 ∂2�2
∂x2

)
+ 1

2ρa2�̈2 − 4a (τ0 + Es)
∂2�1
∂x2 − 3a3 (τ0 + Es)

∂2�2
∂x2 = 0,

(23)

ρa4�̈2 + 48
5 κG

(
�1 − ∂W

∂x + 3
2 a2�2

) − 8
5 Ea2

(
∂2�1
∂x2 + 5

8 a2 ∂2�2
∂x2

)
+ 8

5ρa2�̈1 − 48
5 a (τ0 + Es)

∂2�1
∂x2 − 8a3 (τ0 + Es)

∂2�2
∂x2 = 0.

(24)

Similarly, the impacts of the strain-independent surface stress on the wave responses will be studied by setting
Es = 0.

3 Wave propagation in nanowires

In this section, the model presented in Sect. 2 is now employed to study the harmonic wave propagation in
the nanowire. The nanowire is assumed to have a uniform circular cross section with the radius a. Dispersion
relations for both longitudinal and flexural wave propagation in the nanowire are determined.

3.1 Longitudinal wave propagation in the nanowire

A harmonic longitudinal wave propagating along the x direction can be expressed as

U = Āeik(x−ct), (25)

�1 = B̄eik(x−ct), (26)

�2 = C̄eik(x−ct), (27)

where k denotes the wave number, c is the phase velocity, and Ā, B̄ and C̄ represent the wave amplitudes to
be determined. Substituting Eqs. (25)–(27) in the equations of motion (11)–(13), we obtain[

−ρω2 +
(

λ + 2G + 2τ0

a

)
k2

]
Ā − 2λik B̄ − 2λaikC̄ = 0, (28)

2λik Ā +
(

−1

2
ρa2ω2 + 4λ + 4G + 2ak2τ0

)
B̄

+
(

−2

5
ρa3ω2 + 4aλ + 4aG + 2ak2τ0

)
C̄ = 0,

(29)

2λik Ā +
(

−2

5
ρa2ω2 + 4λ + 4G + 2ak2τ0

)
B̄

+
(

−1

3
ρa3ω2 + 9

2
aλ + 5aG + 2a2k2τ0

)
C̄ = 0,

(30)

in which ω = kc denotes the circular frequency. Equations (28)–(30) have nontrivial solutions for Ā, B̄ and
C̄ only if the determinant of the coefficients vanishes. This results in the dispersion equation of longitudinal
wave propagation in the nanowire: ∣∣∣∣∣∣

D1 D2 aD2
D2 D3 D4
aD2 D4 D5

∣∣∣∣∣∣ = 0, (31)
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where

D1 = −ρω2 +
(
λ + 2G + 2τ0

a

)
k2,

D2 = −2λik,

D3 = − 1
2ρa2ω2 + 4λ + 4G + 2ak2τ0,

D4 = − 2
5ρa3ω2 + 4aλ + 4aG + 2ak2τ0,

D5 = − 1
3ρa4ω2 + 9

2 a2λ + 5a2G + 2a3k2τ0.

3.2 Flexural wave propagation in the nanowire

The harmonic flexural wave propagating along the x direction can be written as

W = Ãeik(x−ct), (32)

�1 = B̃eik(x−ct), (33)

�2 = C̃eik(x−ct), (34)

in which k denotes the wave number, c is the phase velocity, and Ã, B̃ and C̃ are the wave amplitudes to be
determined. Substituting Eqs. (32)–(34) in the equations of motion (22)–(24) leads to the dispersion equation
of flexural wave propagation in the nanowire:∣∣∣∣∣∣∣

H1 H2
3
4 a2 H2

H2 H3 H4
3
4 a2 H2 H4 H5

∣∣∣∣∣∣∣ = 0, (35)

in which

H1 = −ρω2 + κGk2 + 2k2τ0
a ,

H2 = κGki,

H3 = 1
4ρa2ω2 − κG − 1

4 Ea2k2 − ak2τ0,

H4 = 1
8ρa4ω2 − 3

4κGa2 − 1
8 Ea4k2 − 3

4 a3k2τ0,

H5 = 5
64ρa6ω2 − 9

8κGa4 − 5
64 Ea6k2 − 5

8 a5k2τ0.

4 Numerical simulation

In this section, we will conduct a numerical simulation of wave propagation in the nanowire by using the
current model. Specific attention will be paid to the high-frequency wave cases so that the heterogeneous
nanostructure effects should be considered. The validation of the current model will first be investigated, and
the capability of the proposed model will be demonstrated by the comparison of the proposed model with
other existing high-order continuum models. Finally, the surface stress effects on the wave propagation in the
nanowire will be discussed.

4.1 Validation of the current model

As we know, the current model involves the two additional kinematic variables to capture nanostructure effects.
To reduce the kinematic variables in Eqs. (3) and (4), we can assume the kinematic variables in functions of
strain gradient as

�1 = −ν
∂ux

∂x
, (36)

�2 = −l
∂2ux

∂x2 , (37)
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where l is an unknown constant related to the micro- or nano-structure. Based on this assumption, the equations
of motion (11)–(13) can be reduced for the case of τ0 = 0 to

ρÜ − E
∂2U

∂x2 − 1

2
ρa2ν2 ∂4U

∂2x∂2t
+

(
9

2
λ + 5G

)
a2l2 ∂4U

∂x4 + 1

3
ρa4l2 ∂6U

∂x4∂t2 = 0, (38)

which is similar to the modified gradient elasticity theory including lateral inertia and microstructure inertia
effects [27,28]. It is well known that the conventional gradient elasticity model cannot guarantee prediction of
physically acceptable wave dispersion properties, since this model lacks the physical link with the underlying
microstructure [29–32]. However, the reduced current model naturally includes those inertia terms, which
reflects the capability of the model to describe the wave propagation especially at high wave frequencies.
Further, if we ignore the microstructure effects by setting l2 = 0 in Eq. (38), the proposed model can be
reduced to the well-known Love’s equation as

ρÜ − E
∂2U

∂x2 − 1

2
ρa2ν2 ∂4U

∂2x∂2t
= 0. (39)

Figure 2 shows the comparison of longitudinal wave dispersion curves predicted by Eq. (38) and the conven-
tional gradient elasticity theory. The material parameters for the calculation are E = 68.5 GPa, ν = 0.35,
ρ = 2,700 kg/m3 and l/a = 0.1 with a being the radius of the nanowire. The nondimensional wave velocity
is defined as c∗ = c/c0, with c0 = √

E/ρ, and the nondimensional wave number ka is used in Fig. 2. It can be
expected that the phase velocity predicted by the conventional gradient elasticity increases with the increase
of the wave frequency, which is physically unrealistic for the longitudinal wave motion. However, the reduced
current model can provide a physically acceptable prediction of wave behavior especially when the frequency
is very high.

The accuracy of the proposed model is discussed in Fig. 3 by the comparison of the longitudinal wave
dispersion relations predicted from the current model Eq. (31) and Love’s theory, Eq. (39), with that obtained
from the exact solution, respectively. The exact solution is based on the wave solution from elasticity theory.
In the example, surface effects are ignored by setting τ0 = 0. The material parameters used are the same as
those in Fig. 2. In Fig. 2, it can be found that all models can give very good predictions of the longitudinal wave
dispersion for the frequency range within ka < 1.0. However, the dispersion curve from love’s theory deviates
substantially from the exact curve for ka > 1.0. The current model can still give a reasonable prediction even
when the frequency becomes extremely high, for example ka = 2.5, which shows the accuracy of the proposed
model to capture the heterogeneous nanostructure effects.

Fig. 2 The comparison of the nondimensional dispersion curves
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Fig. 3 The comparison of the nondimensional wave dispersion curves

Fig. 4 Nondimensional longitudinal wave dispersion curves of the nanowire with different surface stresses

4.2 Surface stress effects on wave propagation

Surface effects on the mechanical behavior of the nanowire have attracted considerable attention recently.
In this section, surface stress effects on longitudinal wave propagation in the nanowire are depicted in Fig. 4
based on Eq. (31). In the simulation, positive and negative values of strain-independent surface stress τ0, which
physically denote surface tension and compression, respectively, are selected. The material parameters used for
the calculation are assumed as E = 68.5 GPa, ν = 0.35, ρ = 2,700 kg/m3 and a = 3 nm. From Fig. 4, it can
be found that the longitudinal wave phase velocity will increase with the increase of surface tension, however,
wave phase velocity will decrease with the increase of surface compression. As a result, if one employs the
wave dispersion relation to determine the nanowire’s material properties ignoring surface effects (τ0 = 0),
their values may be significantly underestimated or overestimated. It should be mentioned that the phase
velocity size dependence can be different if different material and surface properties are under investigation.

Size-dependent effects of the nanowire upon longitudinal wave propagation are shown in Fig. 5 with the
radius of the nanowires being of 3, 10, 50 and 100 nm, respectively. The material parameters for the calculation
are assumed to be E = 68.5 GPa, ν = 0.35, ρ = 2,700 kg/m3 and τ0 = 15 N/m. For the comparison, the
wave dispersive result for τ0 = 0 is also depicted in Fig. 5. It is well known that the dispersion relation does not
alter with respect to the radius of the nanowire a if surface effect is neglected (τ0 = 0), since the continuum
mechanics cannot capture size effect of nanomaterials [33,34]. However, by considering the surface stress
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Fig. 5 Nondimensional longitudinal wave dispersion curves of the nanowire with different sizes

Fig. 6 Nondimensional flexural wave dispersion curves of the nanowire for different surface stresses

effects in the current model, we can find that the phase wave velocity will increase with a decrease of the size
of the nanowire under surface tension. It should be mentioned that the increase tendency of quasi-static phase
velocity (ka approaches zero) predicted by the proposed model has a very good agreement with the theoretical
and experimental predictions about the Young’s modulus of nanowires under surface tension [8,35]. It is also
noticed that the prediction about the phase velocity, in which the Poisson’s ratio effect related to the surface
stress is only considered, is not in agreement with the results by the current model [15]. It is also worth to
point out that the size dependence of the longitudinal motion becomes even more evident with the increase of
the wave frequency.

Figure 6 shows surface stress effects upon flexural wave dispersion relations of nanowires based on Eq. (35).
The material parameters are E = 68.5 GPa, ν = 0.35, ρ = 2,700 kg/m3 and a = 3 nm. Similarly, it can
be found that the flexural wave phase velocity of the nanowire will increase with the increase of the surface
tension, while the phase velocity of the nanowire will decrease with the increase of the surface compression. It
is also of interest to notice that flexural stopping wave band can be observed in the nanowire subject to surface
compression (τ0 < 0), for example, the stopping wave band is 0 < ka < 0.28 for the nanowire under surface
compression τ0 = −2N/m, and 0 < ka < 1.3 for τ0 = −15N/m.

Figure 7 shows size-dependent effects on flexural wave propagation in the nanowire with the radius of
the nanowires being 3, 10, 50 and 100 nm, respectively. The material parameters used in the calculation are
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Fig. 7 Nondimensional flexural wave dispersion curves of the nanowire with different sizes

E = 68.5 GPa, ν = 0.35, ρ = 2,700 kg/m3 and τ0 = 15 N/m. For comparison, the wave dispersive curve
for the nanowire without surface stress τ0 = 0 is also included in Fig. 7. Comparing the results with those in
Fig. 5, similar size effects upon the flexural wave propagation can be observed with those in the longitudinal
wave propagation. For example, the phase velocity for the nanowire with a radius of 3 nm is four times bigger
than that for the nanowire with a radius of 50 nm when ka = 0.

5 Summary

In this study, a high-order continuum model has been developed to investigate high-frequency wave propaga-
tion in nanowires. By using the proposed model, the heterogeneous nanostructure effects can be captured. In
addition, surface stress effects are first taken into account by using incremental deformation theory. The accu-
racy of the model is evaluated by comparing the dispersion relation of harmonic longitudinal wave propagation
with that from the exact solution. The capability of the proposed model is demonstrated by the comparison of
dispersion relations obtained from the reduced model with those from the conventional strain gradient theory.
It can be found that the reduced model can naturally include lateral inertia and microstructure inertia effects.
Based on the proposed model, the surface stress effects on longitudinal and flexural wave motion are simulated
and analyzed. It is found that the wave propagation in the nanowire is both size and frequency dependent.
Some interesting new physical phenomena related to the surface stress effects are also discussed.
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