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Summary

The design and analysis of phononic crystals (PnCs) are generally based on
the deterministic models without considering the effects of uncertainties. How-
ever, uncertainties that existed in PnCs may have a nontrivial impact on their
band structure characteristics. In this paper, a sparse point sampling–based
Chebyshev polynomial expansion (SPSCPE) method is proposed to estimate the
extreme bounds of the band structures of PnCs. In the SPSCPE, the interval
model is introduced to handle the unknown-but-bounded parameters. Then, the
sparse point sampling scheme and the finite element method are used to cal-
culate the coefficients of the Chebyshev polynomial expansion. After that, the
SPSCPE method is applied for the band structure analysis of PnCs. Meanwhile,
the checkerboard and hinge phenomena are eliminated by the hybrid discretiza-
tion model. In the end, the genetic algorithm is introduced for the topology
optimization of PnCs with unknown-but-bounded parameters. The specific fre-
quency constraint is considered. Two numerical examples are investigated to
demonstrate the effectiveness of the proposed method.
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1 INTRODUCTION

In the last decade, the propagation of acoustic/elastic wave in phononic crystals (PnCs) has attracted a great deal of
interest because of their bandgap (BG) characteristics. In the frequency range of BG, the propagation of acoustic/elastic
wave is directional forbidden (the directional BG) or totally forbidden (the full BG).1 Unique phenomena, for instance,
acoustic/elastic filtering or blocking,2,3 acoustic mirrors,4 and acoustic/elastic cloaking,5,6 have been experimentally
observed or theoretically demonstrated in recent years.7,8 A deep research of the band structures and BGs will signifi-
cantly help us to understand the propagation of acoustic/elastic wave in PnCs and then to design the acoustic/elastic wave
devices. Thus, a great deal of work had been done for the band structures and BGs of PnCs. The acoustic wave propaga-
tion in 3D periodic acoustic composites was investigated by Kafesaki and Economou9 in which the multiple-scattering
theory based on the Korringa-Kohn-Rostoker method was introduced to calculate the band structures. Cao et al10 used the
plane-wave-expansion method to calculate the band structures and transmission spectrum of the fluid/solid PnC. Then,
a wavelet-based method was proposed to calculate the elastic BGs of 2D PnCs by expanding the wave field in the wavelet
basis and deriving the equivalent eigenvalue problem in a matrix form.11 Sun and Wu12 introduced the finite-difference
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time-domain method to the 2D PnC, consisting of steel cylinders and an epoxy matrix, to analyze its band structures and
the related waveguides. Afterward, Yudistira et al13 used the finite element method (FEM) to demonstrate the existence of
the complete surface acoustic wave BGs in the 2D piezoelectric PnCs with holes. Zheng et al14 proposed a local RBF col-
location method for the band structure predictions of 2D PnCs, especially in solid/fluid and fluid/solid PnCs. So far, the
band structures and the related BGs are mainly investigated on the deterministic models. However, because of the inher-
ent material inhomogeneity, the manufacturing errors and the environmental changes and uncertainties are inevitably
existing in PnCs. The design of PnCs without considering the effects of uncertainties may be incorrect.15,16 Thus, how to
accurately describe and efficiently handle uncertainties presented in PnCs is one of the main works in this paper.

In general, the random model is used to quantify uncertainties of uncertain systems, and the uncertain parameters
are regarded as the random variables in which the probability distribution function (PDF) is employed to describe the
distribution characteristics of uncertainties.17-20 However, in the actual engineering situations such as new material devel-
opment, new structural design, and composite material preparation, the statistical information is usually insufficient or
too expensive to obtain. The complete PDF of random model is not available in some cases. As a result, some suitable
assumptions have to be made for the PDFs and the corresponding results may be unreliable. Compared with the ran-
dom model, the interval model treats the uncertain parameters as the interval variables and it only requires the interval
bounds of the uncertain parameters to qualify the uncertain properties with limited information.21-25 The interval Monte
Carlo method (MCM) may be the simplest and the most robust method for the interval uncertainty analysis. However,
the computational cost of the interval MCM is extremely high simultaneously.26,27 Therefore, the interval MCM with a
large number of samples is often used as the reference to validate the accuracy of other interval approaches. Generally, the
interval perturbation method is regarded as the straightforward and efficient method for interval problems.28-31 However,
it is limited to small-level uncertain problems because of the low-order Taylor expansions. Recently, the interval orthog-
onal polynomial approximation method has been proposed for interval problems with large uncertainty.32,33 Compared
with the interval perturbation method, the interval orthogonal polynomial approximation method is free from small per-
turbation assumption so it can deal with large uncertainty in interval analysis. Moreover, the efficiency of the interval
orthogonal polynomial approximation method is much higher than that of the interval MCM. As a result, the interval
orthogonal polynomial approximation method, such as the interval Chebyshev polynomial expansion (ICPE), is more
suitable for large uncertain nonlinear problems.

Zhou et al34 proposed the Chebyshev polynomial and Ritz method for the free vibration analysis of the 3D rectangular
plates with thin, moderate, and thick thicknesses. A boundary meshless method based on the Chebyshev interpolation
and trigonometric basis function was developed by Reutskiy et al35 to solve heat conduction problems. Wu et al36,37 respec-
tively applied the interval Chebyshev method for the dynamic response of nonlinear uncertain systems and the multibody
dynamics of mechanical systems. Meanwhile, the Chebyshev surrogate model–based interval uncertain methodology was
used for structure and vehicle suspension optimization.38,39 Recently, the free vibration analysis of a carbon nanoscroll
shell model was investigated by Taraghi et al40 in which the Chebyshev polynomial was used to evaluate the natural fre-
quencies and the corresponding mode shapes of carbon nanoscroll in different boundary conditions. However, with the
increase of the number of interval variables, the high-order ICPE method with many sample data has to be used to achieve
a satisfied accuracy. As a result, the efficiency of the ICPE method reduces significantly. Wu et al41 proposed the order
increment strategy based on the high-order Chebyshev polynomial surrogate model for the interval uncertainty analysis.
The proposed method overcomes the routines of the expensive numerical simulations in engineering. In short, how to
improve the calculation efficiency of the ICPE method is another main work in this paper.

Due to the periodicity of PnCs, the BG characteristics mainly rely on the structures of the continuous unit cells. Com-
pared with the traditional shape and size optimization, topology optimization can generate the various PnCs and wider
BGs. Due to the significant advantage, the topology optimization of PnCs has attracted a great deal of interest in recent
years. Sigmund et al42,43 introduced a topology optimization method to design PnCs with pure BGs over specific frequency
regions. Then, topology optimization of 2D PnCs was investigated to maximize the width between 2 adjacent frequency
curves.44 The FEM with the method of moving asymptotes was proposed by Diaz et al45 to perform the topology opti-
mization of the periodic plane grid structures to obtain the BGs. Meanwhile, Vatanabe et al46,47 applied the method of
moving asymptotes–based approach for maximizing the BGs of 2D PnCs. After that, Halkjær et al48 proposed the solid
isotropic material with penalization method for the topology optimization of the plate structures with maximal BGs.
The bidirectional evolutionary structural optimization was developed to optimize the design of PnC with maximum BG
width (BGW) under the volume constraint.49 Meanwhile, Li et al50 used the bidirectional evolutionary structural opti-
mization in conjunction with the homogenization method for the topology optimization of cellular PnCs with a bulk or
shear modulus constraint. Recently, Lu et al51 used the gradient-based topology optimization (GTO) method to obtain
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3D PnCs with ultrawide normalized all-angle and all-mode BGs. Among these aforementioned methods, some of them
that require the gradient information and the sensitivity calculation are called the GTO methods. The others, based on
the heuristic algorithm, are called the nongradient-based topology optimization (NGTO) method, which is used for the
topology optimization of PnCs when the gradient information is difficult or impossible to obtain. Hussein et al52,53 pro-
posed the multiobjective genetic algorithm (GA) to optimize the 1-dimensional periodic PnCs for the targeted frequency
band structures characterized by the longitudinal wave motion. Meanwhile, Liu et al54 used GA combined with FEM to
optimize 2D PnCs with BGs for multiple modes. Similarly, Bilal and Hussein presented a vacuum-soli-porous PnC in
which the normalized BGW exceeded 60%.55 Then, the fast plane wave expansion–based GA optimization approach was
introduced to maximize the BGW of 2D PnCs.56,57 The sorting-based GA was developed for the topology optimization of
PnCs with both a large BGW and a reduced overall mass.58-60 After that, the tunable phononic plates were developed by
Hedayatrasa et al61 in which the BGs could be tuned through prescribed deformation. Compared with the GTO methods,
the NGTO methods can obtain the global optimum solutions without requiring an additional gradient information. How-
ever, the computational burden of the NGTO method is large because of numerous function evaluations within the design
space. Meanwhile, the checkerboard patterns and the mesh dependence problems are common in the NGTO methods.62,63

A comprehensive survey on the topology optimization of PnCs can be found in the literature of Yi and Youn.64 Thus,
how to eliminate checkerboard patterns and improve the efficiency of the heuristic algorithm are another main works in
this paper.

In this paper, the sparse point sampling–based Chebyshev polynomial expansion (SPSCPE) method is proposed
for the band structure analysis of PnCs with unknown-but-bounded parameters. Partly based on the research of
Wu et al,41 we argue that the sample points for the calculation of the unknown coefficients are, in general, numerous in
high-dimensional problems. Meanwhile, we also discuss the sequential sampling strategy, such as the adaptive sampling
and incremental sampling for high-order Chebyshev polynomial expansion (CPE). Moreover, the hybrid discretization
model (HDM) is introduced to eliminate the checkerboard patterns and the hinge phenomena in the NGTO methods.
After that, the GA is applied for the topology optimization of PnCs with uncertainties.

The remainder of this paper is organized as follows. The SPSCPE method is proposed in Section 2. In Section 3, the HDM
for the NGTO methods is presented and discussed. Based on the GA, the topology optimization problems of PnCs are
investigated in Section 4. The discussions on the optimized results are shown in Section 5. In Section 6, some conclusions
are then presented.

2 CPE-BASED METHOD

In this section, the SPSCPE method is proposed for the band structure analysis of PnCs with unknown-but-bounded
parameters. In the SPSCPE, the interval model is firstly introduced to deal with the uncertainties inherent existed in PnCs
and the sparse point sampling scheme based on the incremental sampling and the maximin principle is established to
select the sample points. Then, the sample points that are calculated by the FEM are used to construct the CPE. After
that, the sample data generated by the MCM randomly is applied into the CPE to estimate the interval bounds of the band
structures of PnCs.

2.1 Interval model for uncertainty
Due to material inhomogeneity, manufacturing error, environmental change, etc, uncertainties inevitably exist in PnCs.
Aimed at this actuality, it is highly desired to consider the effects of uncertainties for the band structure analysis. Based
on the interval model, the material parameters such as density 𝜌, elasticity modulus E, and shear modulus G are treated
as the interval variables. Interval vector Xl, which is the set of the interval variables, is defined as

Xl =
[
X , X

]
=
(

xl
i
)
, xl

i =
[

xi , xi

]
, i = 1, 2, … , q, (1)

where X and X are respectively the upper and lower bounds of interval vector Xl. Similarly, xi and xi are the upper and
lower bounds of interval variable xl

i, respectively. q denotes the number of interval variables.
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FIGURE 1 The 2D phononic crystal with lattice constant a. The white and black denote the matrix and the scatterer, respectively [Colour
figure can be viewed at wileyonlinelibrary.com]

2.2 Band structures of PnCs
The 2D solid/solid PnC with lattice constant a is depicted in Figure 1. Herein, Γ1 to Γ4 represent the boundaries of the unit
cell and Γ0 is the interface between the matrix and the scatterer. The elastic wave equations in a heterogeneous, isotropic,
and linear elastic solid can be expressed as

(𝜆 + 𝜇)𝜕
2ux

𝜕x2 + (𝜆 + 2𝜇)
𝜕2u𝑦

𝜕x𝜕𝑦
+ 𝜇

𝜕2ux

𝜕𝑦2 + 𝜌𝜔2ux = 0 (2)

(𝜆 + 𝜇)
𝜕2u𝑦

𝜕𝑦2 + (𝜆 + 2𝜇) 𝜕
2ux

𝜕x𝜕𝑦
+ 𝜇

𝜕2u𝑦

𝜕x2 + 𝜌𝜔2u𝑦 = 0, (3)

where 𝜆, 𝜇, and 𝜌 are the Lame's constant, the shear modulus, and the mass density, respectively. 𝜔 is the angular fre-
quency. Then, ux and uy are respectively the displacements in the x-axis and y-axis. In this paper, the common factor ei𝜔t

is omitted for simplicity.
Due to the periodicity of PnC, the unit cell is, in general, used to calculate the band structure of PnC based on the Bloch

theorem. The discrete eigenvalue equation of the unit cell is written as

(K − 𝜔2M) U = 0, (4)

where K and M are respectively the stiffness matrix and the Mass matrix and U is the displacement matrix of the unit cell.
Based on the Bloch theorem, the elastic wave in the periodical structure is expressed as

Ψ(r) = ei(k·r)Ψk(r), (5)

where Ψ = ux, uy, and i denotes the imaginary number that is
√
−1. Then, k is the wave vector, and k = (kx, ky). Ψk(r) is

the periodical function. Thus, the periodic boundary of the unit cell can be defined as

U(r + a) = ei(k·a)U(r), (6)

where a is the lattice constant vector.
Based on Equations (4) and (6), angular frequency 𝜔 are calculated numerically by sweeping wave vector k in the first

irreducible Brillouin zone, and then, the band structure f (k) can be obtained. The detailed information of the FEM for
PnCs can be found in the previous literary works.59,65

2.3 Chebyshev polynomial expansion
Based on previous research works,36-39 the band structures of PnCs can be approximated by the n-order truncated CPE
with q-dimension. Thus, we have

𝑓 (x,k) =
∑

0≤i1,i2,… ,iq≤n
𝑓i1,i2,… ,iq(k) Ci1,i2,… ,iq(x), and i1, i2, … , iq = 0, 1, … ,n, (7)

http://wileyonlinelibrary.com
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where x is the set of interval variables xl
i ∈ [−1, 1]. Ci1,i2,… ,iq (x) is the Chebyshev polynomials, which can be expressed as

Ci1,i2,… ,iq(x) = Ci1

(
xl

1
)

Ci2

(
xl

2
)
· · ·Ciq

(
xl

q
)
= cos i1𝜃1 cos i2𝜃2 · · · cos iq𝜃q, (8)

where 𝜃i = arccos(xl
i) ∈ [0, 𝜋] i = 1, 2, … , q is the integral point parameter of the Chebyshev polynomials and

𝑓i1,i2,… ,iq(k) is the corresponding multinomial coefficient, which is written as

𝑓i1,i2,… ,iq(k) =
( 2
𝜋

)q

∫
1

-1 ∫
1

−1
· · ·∫

1

−1

𝑓 (x,k)Ci1,i2,… ,iq(x)√
1-
(

xl
1
)2
√

1-
(

xl
2
)2 …

√
1-
(

xl
q
)2

d𝑥l
1d𝑥l

2 · · · d𝑥
l
q

≈
(

2
𝜋

𝜋

min

)q ∑
1≤𝑗1,𝑗2,… ,𝑗q≤min

𝑓
(

xl
𝑗1
, xl

𝑗2
, … , xl

𝑗q
,k

)
Ci1,i2,… ,iq

(
xl
𝑗1
, xl

𝑗2
, … , xl

𝑗q

)
=
(

2
min

)q ∑
1≤𝑗1,𝑗2,… ,𝑗q≤min

𝑓
(
cos 𝜃𝑗1 , cos 𝜃𝑗2 , … , cos 𝜃𝑗q ,k

)
cos

(
i1 𝜃𝑗1

)
cos

(
i2 𝜃𝑗2

)
· · · cos

(
iq 𝜃𝑗q

)
,

(9)

where min is the order of the Mehler integral. More information about the CPE can be found in the work of Xie et al.66

In general, the number of the multinomial coefficients mainly relies on the truncated order of CPE n and the number
of interval variables q. The number of the interpolation points for each interval variable xl

i is n + 1, and the minimal
number of the multinomial coefficients is (n + 1)q. If truncated order n and the number of interval variables q are large,
the multinomial coefficients of the CPE is a hypercube and its computational burden is extremely high.

Thus, the CPE approximation of the band structures is generally expressed at the “simplex” format. Thus, we have

𝑓 (x,k) =
∑

0≤i1+i2+···+iq≤n
𝑓i1,i2,… ,iq(k) Ci1,i2,… ,iq(x), and i1, i2, … , iq = 0, 1, … ,n. (10)

Meanwhile, the number of the multinomial coefficients of the “simplex” format (Nc) is written as

Nc =
(n + q) !

n!q!
. (11)

As described earlier, the number of the multinomial coefficients in the “simplex” format (Equation (10)) is much
less than that in the initial format (Equation (7)). However, the calculation accuracy of the “simplex” format would be
decreased for high-dimension problems. Therefore, how to ensure the accuracy and efficiency of the “simplex” CPE is
the main task in this paper.

2.4 Sparse point sampling scheme
In this part, the sparse point sampling scheme based on the incremental sampling and the maximin principle is introduced
for the “simplex” CPE. The main steps of the sparse point sampling scheme are as follows.

Step 1: Determine the maximal truncated order nm. Based on Equation (11), the maximal truncated order nm of the
“simplex” CPE can be calculated by

(nm + q) !
nm!q!

< Nm, (12)

where Nm is the allowable maximal sampling amount, which depends on the complexity of problems and the
accuracy requirements.

Step 2: Generate the initial sample point set S0. First, the maximin principle is used to estimate the uniformity of the
initial sample point set S0. Then, the scalar-valued criterion function is employed to select the sample points,
which can be expressed as

Φr(𝛉) =
( t0∑

i=1

t0∑
𝑗=i+1

d
(
𝛉(i), 𝛉(𝑗)

)−r
) 1

r

, (13)

where 𝛉 is the set of the integral point parameter 𝜃i, which is defined as

𝛉 = [𝜃i], and 𝜃i = 𝜃(𝑗) = 𝜋

2
· 2𝑗 − 1

nm + 1
, 𝑗 = 1, 2, … ,nm + 1. (14)



782 XIE ET AL.

t0 is the number of the sample points, and r is a large positive constant and set as 100 in this paper. d(𝛉(i), 𝛉(j))
denotes the distance between 𝛉(i) and 𝛉(j), which can be calculated by

d
(
𝛉(i), 𝛉(𝑗)

)
=

( q∑
k=1

|||𝜃(i)k − 𝜃
(𝑗)
k
|||2
) 1

2

. (15)

Assume the number of the initial sample points is q(nm + 1) and the initial sample point set can be expressed
by matrix q × q(nm + 1), where the column denotes the sequence of the variables, and then, the row denotes the
sequence of the sample points.

Step 3: Determine the remaining sample point set Sr. In this paper, the allowable maximal sampling amount is Nm,
so the number of the remaining sample points is Nm − q(nm + 1). The remaining sample point set Sr can be
expressed by matrix q × (Nm − q(nm + 1)).

Step 4: Seek the most suitable order n. As mentioned earlier, the maximal truncated order nm mainly relies on the
allowable maximal sampling amount Nm. If the maximal truncated order nm is directly applied for the “simplex”
CPE, the accuracy can be satisfied, but its efficiency is low because of the redundant sample points that need to
be calculated. Thus, the incremental sampling method is employed to balance the conflict between the accuracy
and the efficiency. In the incremental sampling method, the truncated order n starts from 2, and then, it will
gradually increase until the termination condition is satisfied.41 However, the incremental sampling method is
usually applied for the complex problems with numerous variables and high order, but it is not suitable for the
case that the calculation of the sample point is very time consuming.36

Moreover, the detailed introduction of the sparse point sampling scheme is given in Appendix A.

2.5 The effectiveness and efficiency of the proposed method
In this part, the proposed SPSCPE method is introduced for the band structure analysis of 2D PnC with uncertainties.
The results yielded by the MCM are regarded as the reference values. Meanwhile, the effectiveness and efficiency of the
SPSCPE method and the conventional CPE method are investigated. The structure of the PnC is shown in Figure 2.

First, according to the number of interval variables q and the allowable maximal sampling amount Nm, the maximal
truncated order nm of the “simplex” CPE can be calculated by Equation (12).

Second, the sample point (or the integral point) can be defined as

x𝑗i =
xi − xi

2
cos 𝜃𝑗i +

xi + xi

2
𝑗 = 1, 2, … ,nm + 1; i = 1, 2, … , q, (16)

where 𝜃𝑗i is the sample point parameter, which is obtained through Equation (14).
Third, the sample point set SF, including the initial sample point set S0 and the remaining sample point set Sr, is

determined in sequence by Equations (13) and (15).
Fourth, the sample points, which belong to the sample point set SF, are applied to the FEM to obtain the band structures

at the sample points
∑

1≤𝑗1,𝑗2,… ,𝑗q≤nm+1𝑓 (x𝑗1 , x𝑗2 , … , x𝑗q ,k). Then, the corresponding multinomial coefficients 𝑓i1,i2,… ,iq (k)
can be calculated by Equation (9).

FIGURE 2 The phononic crystal structure: (A) the phononic crystal microstructure, (B) the unit cell, and (C) its corresponding Brillouin
zone. The black and white areas represent lead and epoxy resin, respectively. Meanwhile, the shadowed region is the first irreducible
Brillouin zone, and letters M, Γ, and X are the high-symmetric points in Figure 2C [Colour figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com


XIE ET AL. 783

Fifth, the “simplex” CPE approximation of the band structures 𝑓 (x,k) is constructed based on Equation (10). After that,
the sample data generated randomly by the MCM is applied to the “simplex” CPE method for band structure analysis
with uncertainties. It should be noted that the “simplex” CPE is a simple function with respect to the sample data. Thus,
the computation cost is acceptable.

Finally, the interval bounds of the band structures with uncertainties are estimated by comparing the band structures
of the sample data.

The computational process of the SPSCPE method is illustrated in Figure 3.
The lattice constant of the unit cell a is 40 mm. Density 𝜌, elasticity modulus E, and shear modulus G of PnC are

considered to be the independent interval variables. The number of interval variables q is 6. The allowable maximal
sampling amount Nm is 200. The interval parameters of the unit cell are listed in Table 1.

10 000 sample data are randomly generated by the MCM within the interval range. Then, the sample data is respectively
introduced into the SPSCPE method, the conventional CPE method, and the FEM for band structure analysis. Simulations
are carried out by MATLAB R2009a on a 3.30 GHz Xeon(R) CPU E3 1230 v3. In this paper, the eigenfrequencies, the order

FIGURE 3 Flowchart of the sparse point sampling–based Chebyshev polynomial expansion (SPSCPE) method for band structure analysis
with uncertainties. CPE, Chebyshev polynomial expansion; MCM, Monte Carlo method
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TABLE 1 The interval parameters with different uncertainties

Uncertainty Material Parameter
𝝆l (kg·m−3) El (×1010 Pa) Gl (×1010 Pa) 𝝆e (kg·m−3) Ee (×109 Pa) Ge (×109 Pa)

/ 11 600 4.08 1.49 1180 4.35 1.59
5% [11 020, 12 180] [3.876, 4.284] [1.416, 1.565] [1121, 1239] [4.133, 4.568] [1.511, 1.670]

20% [9280, 13 920] [3.264, 4.896] [1.192, 1.788] [944, 1416] [3.480, 5.220] [1.272, 1.908]

FIGURE 4 Band structures with 5% uncertainty. The bandgaps yielded by (B) the sparse point sampling–based Chebyshev polynomial
expansion (SPSCPE) method, (C) the Chebyshev polynomial expansion (CPE) method, and (D) the Monte Carlo method (MCM) [Colour
figure can be viewed at wileyonlinelibrary.com]

of which s is 6, are used to illustrate the band structures. The band structures with 5% uncertainty calculated by different
methods are illustrated in Figure 4. Similarly, the results with 20% uncertainty are illustrated in Figure 5.

From Figure 4A, the band structure with 5% uncertainty (the green squares) obtained by the SPSCPE method is very
closed to the results calculated with the CPE method (the blue solid circles) and the MCM (the red solid lines). Similarly,
the result is similar when the uncertainty is 20%, which is illustrated in Figure 5A. It means that the SPSCPE method is
an effective way for the band structure analysis of PnCs with uncertainties.

In Figure 4B,C,D, the adjacent 2 curves are the interval bounds of the eigenfrequency 𝜔. If the minimum lower bound of
the eigenfrequency 𝜔n is larger than the maximum upper bound of the eigenfrequency 𝜔n-1, there exists a BG (the shaded
areas shown in Figure 4). Likewise, the case is also similar in Figure 5. The results of the BGs and the computation time
are listed in Table 2.

From Table 2, the BG region with 5% uncertainty calculated by the SPSCPE method is [17302 Hz, 25942 Hz]. Compared
with the results yielded with the CPE method ([17294 Hz, 25951 Hz]) and the MCM ([17289 Hz, 25958 Hz]), the relative
error is less than 0.5%. Meanwhile, the BGW with 5% uncertainty obtained by the SPSCPE method is 8640 Hz, whereas
the results calculated with the CPE method and the MCM are respectively 8657 Hz and 8669 Hz. The relative error among
BGWs is less than 0.5%. Similarly, the BGs with 20% uncertainty yielded with the SPSCPE method, the CPE method, and
the MCM are [19935 Hz, 22405 Hz], [19929 Hz, 22440 Hz], and [19924 Hz, 22447 Hz], respectively. The relative error
between BGs is also less than 0.5%. Meanwhile, the BGWs with 20% uncertainty obtained by the SPSCPE method, the CPE
method, and the MCM are respectively 2470 Hz, 2511 Hz, and 2523 Hz, the relative error among the BGWs is about 2.1%.

http://wileyonlinelibrary.com
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FIGURE 5 Band structures with 20% uncertainty. The bandgaps yielded by (B) the sparse point sampling–based Chebyshev polynomial
expansion (SPSCPE) method, (C) the Chebyshev polynomial expansion (CPE) method, and (D) the Monte Carlo method (MCM) [Colour
figure can be viewed at wileyonlinelibrary.com]

TABLE 2 Results of the bandgaps (BGs) with uncertainties

No. Uncertainty Method BG (Hz) BGW (Hz) Time (s)

Figure 4B 5% SPSCPE [17 302, 25 942] 8640 1357.75
Figure 4C 5% CPE [17 294, 25 951] 8657 27 335.62
Figure 4D 5% MCM [17 289, 25 958] 8669 78 252.13
Figure 5B 20% SPSCPE [19 935, 22 405] 2470 1364.06
Figure 5C 20% CPE [19 929, 22 440] 2511 27 751.72
Figure 5D 20% MCM [19 924, 22 447] 2523 78 032.85

Abbreviations: BGW, bandgap width; CPE, Chebyshev polynomial expansion; MCM, Monte Carlo
method; SPSCPE, sparse point sampling–based Chebyshev polynomial expansion.

Moreover, the computing time of the SPSCPE method is about 1360s, which is much less than that of the CPE method
and the MCM. Thus, compared with the CPE method and the MCM, the efficiency of the SPSCPE method is much higher.

3 HYBRID DISCRETIZATION MODEL

The topology optimization of PnCs is equivalent to the optimal distribution of materials in the unit cell. The design
domain of the unit cell needs to be discretized, and the most common discretization model of the 2D design domain is
the quadrilaterals with degenerates of squares and rectangles. However, there are 2 common problems of quadrilateral
discretization in the optimized results. One is the acnode, redundant, or cavity elements (illustrated in Figure 6). The
other is the checkerboard pattern, the diagonal element chain, or the de facto hinge phenomena (shown in Figure 7).
A straightforward way to solve the problems is to change point connections into long and slender hinges. However, in
fact, this change may alter the band structure characteristics more or less.62,63 In this paper, an HDM is introduced for the
point-connection-free topology optimization of PnCs.

http://wileyonlinelibrary.com
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FIGURE 6 The discontinuities: (A) the acnode, (B) redundant, and (C) cavity elements [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 7 Point-connection phenomena: (A) the checkerboard pattern, (B) diagonal element chain, and (C) de facto hinge

3.1 Accumulation strategy for discontinuity problems
As mentioned earlier, the discontinuities are widespread in the optimized results when the quadrilateral model is used to
discretize the design domain. The acnode, redundant, or cavity elements in the optimized results cause the manufacture
of PnCs difficult or even impossible in some cases. Thus, the accumulation strategy is used to handle the discontinuities
in the topology optimization of PnCs. The acnode element is only considered in this part. The detail introduction of the
accumulation strategy for the acnode element is given as follows.

Case I: When the design element x0 is at the corner of the discretized design domain, there are 3 neighboring discrete
elements (x1, x2, x3) around the design element x0, which are illustrated in Figure 8A. The accumulation strategy can be
defined as

Δs = x1 + x2 + x3. (17)

If x0 = 1 and Δs ≤ 1, the design element x0 is the acnode element (or the isolated element) and needs to be eliminated.
The value of the design element x0 changes to 0.

FIGURE 8 Locations of the design element x0 at (A) the corner, (B) on the boundary, and (C) in the discretized design domain

http://wileyonlinelibrary.com
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Case II: When the design element x0 is on the boundary of the discretized design domain, there are 5 neighboring
discrete elements (x1, x2, x3, x4, x5) around the design element x0, which are shown in Figure 8B. The accumulation strategy
is written as

Δs = x1 + x2 + x3 + x4 + x5. (18)

If x0 = 1 and Δs ≤ 1, the design element x0 is the acnode element (or the isolated element) and needs to be eliminated.
The value of the design element x0 changes to 0.

Case III: When the design element x0 is in the discretized design domain, there are 8 neighboring discrete elements
(x1, x2, x3, x4, x5, x6, x7, x8) around the design element x0, which are illustrated in Figure 8C. The accumulation strategy is
expressed as

Δs = x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8. (19)

If x0 = 1 and Δs ≤ 1, the design element x0 is the acnode element (or the isolated element) and needs to be eliminated.
The value of the design element x0 changes to 0.

Meanwhile, if x0 = 1 and Δs > 1, the design element x0 may be the redundant element that also needs to be removed.
In this case, the accumulation strategy can be rewritten as

Δsu = x1 + x2 + x3 + x4 + x8 (20)

Δsd = x4 + x5 + x6 + x7 + x8 (21)

Δsl = x1 + x2 + x6 + x7 + x8 (22)

Δsr = x2 + x3 + x4 + x5 + x6. (23)

If Δsu = 0, the design element x0 is the upper redundant element, The value of the design element x0 changes to 0. If
Δsd = 0, the design element x0 is the lower redundant element. Similarly, if Δsl = 0 or Δsr = 0, the design element x0 is
the left (or right) redundant element, which has to be removed.

3.2 HDM for point-connection phenomena
In the discrete topology optimization, the number of the discrete elements has a great impact on the optimized results.
The coarse discretization usually decreases the precision of the FEM. Conversely, the fine discretization not only increases
the number of discrete elements but also leads to the point-connection phenomena in the optimal results. Thus, the HDM
is introduced to overcome the point-connection phenomena of topology optimization. In the HDM, the entire design
domain of the unit cell is firstly discretized into N × N quadrilaterals, and then, each quadrilateral is further subdivided
into 8 triangles. The quadrilaterals are defined as the design elements; meanwhile, the triangles are used as the analysis
elements, which are illustrated in Figure 9.

For each design element, it has a binary material status and the 4 internal analysis elements directly reflect the material
status of the design element. If the design element x0 is 1, material A is chosen, and then, the 4 internal analysis elements

FIGURE 9 The discrete unit cell: (A) the design domain discretization and (B) the subdivided design element with 4 internal analysis
elements labeled by “D” and 4 external analysis elements labeled by “L” [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 10 The subdivided design element: (A) x0 = 1 and (B) x0 = 0

FIGURE 11 Two design elements connected in the horizontal direction: (B) x1 = 1 and x2 = 1, (C) x1 = 0 and x2 = 0, and (D) x1 = 1 and
x2 = 0 [Colour figure can be viewed at wileyonlinelibrary.com]

are drawn in black (shown in Figure 10A). Otherwise, the design element x0 is 0, material B is selected, and then, the 4
internal analysis elements are painted in white (illustrated in Figure 10B). The material status of the 4 external analysis
elements is determined by the design element itself and its neighboring discrete elements, which is given as follows.

Case I: Two design elements (x1 and x2) are connected by an edge. In Figure 11, there is 1 edge connected with the 2
quadrilateral design elements, and the 4 connected analysis elements are labeled by L. The 4 connected analysis elements
are drawn in black when the design elements x1 and x2 are 1. When the design elements x1 and x2 are 0, the 4 connected
analysis elements are painted in white. If the design elements x1 = 1 (or 0) and the design elements x0 = 0 (or 1), the
material status of the connected analysis element is determined by its design element.

Case II: Two design elements (x1 and x2) are connected by a node in Figure 13. Moreover, the 4 connected elements
are labeled by L. The 4 analysis elements are drawn in black when the design elements x1 and x2 are 1. When the design
elements x1 and x2 are 0, the 4 analysis elements are painted in white. If the design elements x1 = 1 (or 0) and the design
elements x0 = 0 (or 1), the material status of the analysis element is determined by its design element.

From Figures 11 to 13, any 2 contiguous design elements with the same material are always connected smoothly
by 4 analysis elements in the horizontal, vertical, and diagonal directions. Therefore, there is no point-connection
phenomenon in the optimal results.

FIGURE 12 Two design elements connected in the vertical direction: (B) x1 = 1 and x2 = 1, (C) x1 = 0 and x2 = 0, and (D) x1 = 1 and x2 = 0
[Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 13 Two design elements connected in the diagonal direction: (B) x1 = 1 and x2 = 1, (C) x1 = 0 and x2 = 0, and (D) x1 = 1 and
x2 = 0 [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 14 The hybrid discretization model for design domain discretization in topology optimization

3.3 A simple example
A 2D bicomponent PnC with the square lattice is introduced to verify the effectiveness and efficiency of the HDM. The
lattice constant a of the unit cell is 30 mm. First, the entire design domain of the unit cell is discretized into N × N
quadrilaterals, as shown in Figure 14A. Second, select the materials randomly for each design element, as illustrated in
Figure 14B. Thus, the material distribution of the unit cell is stochastic. Third, the accumulation strategy is introduced
for the discontinuities in the quadrilateral discretization. In Figure 14C, the acnode and cavity elements are eliminated in
the discrete design domain. Then, each design element is ulteriorly subdivided into 8 analysis elements. As a result, there
are 8 × N × N analysis elements in Figure 14D. After that, the HDM is used to overcome the point-connection phenomena
in topology optimization. In Figure 14E, the central 4 analysis elements of the design element are filled based on the
distribution of materials in Figure 14C. Finally, the discrete unit cell of the 2D PnC is depicted in Figure 14F. Compared
with the discrete unit cell by the conventional quadrilateral model shown in Figure 14B, the result yielded with the HDM
is more continuous and smooth.

4 TOPOLOGY OPTIMIZATION PROBLEM

Full BG is a significantly attractive characteristic of PnCs. Within the BG region, the propagation of the elastic/acoustic
waves is completely prohibited, which means that the PnCs are potentially applied to the noise attenuation and elas-
tic/acoustic waves filtering. The BG properties mainly rely on the topology structure of unit cell. In this section, the GA
with the adaptive crossover and mutation rates is introduced for the topology optimization of PnCs.

http://wileyonlinelibrary.com
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4.1 The optimization models of PnCs
The most common optimization objective of PnC is to maximize the BGW. However, the uncertainties that existed in the
material parameters have significantly impact on the BG properties and the BG range is generally narrower than that
without uncertainties.66 For engineering reliability, the minimum value among the BGs is considered as the effective BGW
under uncertainties. Thus, the optimization model of PnC can be expressed as

max 𝑓1(Σ) =
(
min

k
∶ 𝜔s(Σ,k) − max

k
∶ 𝜔s−1(Σ,k)

)
min

s. t. g1(Σ) ≤ ar,

g2(Σ) ∈ [𝑓l, 𝑓u],

(24)

where f1 is the objective function that denotes the BGW for the in-plane wave mode. 𝜔s and s respectively denote the sth
eigenfrequency and the serial number of eigen frequencies. The subscript “min” denotes the minimum value among the
BGs. Then, g1(Σ) and g2(Σ) are the filling ratio constraint and the frequency region constraint, respectively. Σ denotes the
distribution of the design variable xi in the unit cell, which is defined as

xi =

{
0 xi ∈ M1

1 xi ∈ M2
i = 1, 2, … , Nn, (25)

where M1 and M2 denote the materials of matrix and scatterer, respectively. Then, Nn is the number of design variable xi,
and Nn = N × N.

Due to the different material properties of matrix and scatterer, the mass of PnCs needs to be considered when it is
applied to noise attenuation in vehicle. In other words, it is to minimize the mass of PnCs and ensure the BGW and
frequency region simultaneously. The optimization objective here is to minimize the filling ratio of the scatterer in the
unit cell, and then, the optimization model of PnC is expressed as

min 𝑓2 (Σ) =
Nm∑
i=1

xi xi ∈ Σ

s.t. g3 (Σ) =𝑓1 (Σ) > 0,
g4 (Σ) ≥ br,

g5 (Σ) ∈ [𝑓l, 𝑓u] ,

(26)

where f2 is the objective function that denotes the mass of the unit cell in PnC. g3(Σ) is to ensure the BG existed. g4(Σ) and
g5(Σ) are respectively the BGW and frequency region constraints.

4.2 Optimization algorithm
In this paper, the GA with the adaptive crossover and mutation factors is employed for the topology optimization of PnCs.
In the GA, the value of crossover probability directly affects the convergence of the optimization problem. Too small
crossover probability slows down the optimization process. Conversely, too large crossover probability will untimely dis-
card the individuals with high fitnesses.67,68 Compared with the conventional GA, the crossover probability is determined
by the fitness in this paper. When the fitness of an individual is larger than the average fitness, a small crossover probabil-
ity is assigned to retain the individual. On the contrary, if the fitness of an individual is smaller than the average fitness,
a big crossover probability is applied to eliminate the individual. The adaptive crossover probability Pc can be defined as

Pc =

{
0.3(𝑓max−𝑓 )
𝑓max−𝑓

𝑓 ≥ 𝑓

0.9 𝑓 < 𝑓

}
, (27)

where fmax and 𝑓 are respectively the maximal fitness and the average fitness of population. f denotes the fitness of an
individual.

Similarly, the diverse offspring could be created to avoid obtaining the local optimum when the mutation probability is
big enough. However, if the mutation probability is overlarge, the optimization process may be unstable. In this paper, the
mutation probability mainly depends on the previous fitness. If the adaptability of an generation is big enough, a small
value can be assigned to the mutation probability. Otherwise, the mutation probability is set as a large value. The adaptive
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mutation probability Pm is defined as

Pm(n) (x) =

⎛⎜⎜⎜⎜⎝
1 −

n−1∑
k=0

𝜆k (𝑓n−k (x) − 𝑓n−k−1 (x))

n−1∑
k=0

𝜆k ∣𝑓n−k (x) − 𝑓n−k−1 (x) ∣

⎞⎟⎟⎟⎟⎠
Pm(n−1) (x) , (28)

where Pm(n) and Pm(n−1) are the mutation probabilities of the nth and (n−1)th generations, respectively. fi denotes the
individual fitness of the ith generation. 0 ≤ 𝜆 < 1.

4.3 Optimization procedure
Step 1: Create an initial population with Nc individuals, which is expressed as

Pop(t = 0) =
{

X0
1,X

0
2, … ,X0

k, … ,X0
Nc

}
, (29)

where Xt
k = {xt

k1
, xt

k2
, … , xt

k𝑗
, … , xt

k𝑁𝑝
} is the kth individual in the tth generation. xt

k𝑗
is the jth chromosomal

gene of an individual Xt
k, which is randomly filled with 0 or 1. Np denotes the number of chromosome genes in

the individual.
Step 2: The entire design domain of the unit cell is discretized by the HDM.
Step 3: The SPSCPE method is proposed to calculate the band structures of PnCs with uncertainties. The effective BGW

of PnC is defined as the fitness of individual.
Step 4: Based on the elitist selection strategy, the double-random-paired competition mechanism is employed for the

selection operation. By comparing the fitnesses of each of the 2 individuals, Nc/2 individuals are selected to the
population Pop(t).

Step 5: The adaptive crossover probability Pc is applied for the crossover operation where the individuals exchange their
chromosome genes at the positions with 1 to create new offspring. Similarly, the adaptive mutation probability Pm
is employed for the mutation operation in which the chromosome gene of an individual switches to its opposite
(1 changes into 0 or 0 changes into 1) to generate the new offspring. Repeat the selection, crossover, and muta-
tion operations until the truncation criterion is satisfied. The optimization procedure of the GA is illustrated in
Figure 15.

5 RESULTS AND DISCUSSIONS

Two numerical examples are employed for the topology optimization of PnCs with unknown-but-bounded parameters.
In each case, the BGW and the frequency region constraints are simultaneously considered. Meanwhile, the material of
scatterer is lead, and the material of matrix is silicone rubber. The material parameters of PnCs, such as density 𝜌, elasticity
modulus E, and shear modulus G, are regarded as the independent interval variables. The number of interval variables q
is 6, and the allowable maximal sampling amount Nm is 100. The material parameters with 20% uncertainty are listed in
Table 3.

5.1 Reliability optimization of PnCs with maximum effective BGs
As discussed earlier, the wide and full bandgaps have attracted a great deal of interest in recent years. Therefore, in this
section, topology optimization of PnCs with maximum effective BGs is investigated. The optimization model is introduced
by Equation (24) in Section 4.1. The lattice constant a of unit cell is 10 mm. The unit cell is discretized into 10 × 10
design elements, where lead and silicone rubber are randomly assigned to each design element. The material parameters
with 20% uncertainty are listed in Table 3. The population size Nc and the iterative time M are respectively 50 and 200.
Meanwhile, the initial adaptive crossover probability Pc and the initial adaptive mutation probability Pm are 0.9 and 0.05,
respectively. The fitness results are shown in Figure 16.

From Figure 16, with the increase of the iterative time, the fitness value of the individual also increases. When the
iterative time is over 63, the fitness value remains the same. It means that the optimization process has converged and the
best fitness value is 733 Hz. The optimization results are illustrated in Figure 17. In each case, the left and right subfigures
are the PnC microstructure and its corresponding band structure, respectively.
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FIGURE 15 Flowchart of the genetic algorithm for topology optimization of phononic crystals. HDM, hybrid discretization model;
SPSCPE, sparse point sampling–based Chebyshev polynomial expansion

TABLE 3 The material parameters with 20% uncertainty

Uncertainty Material Parameter
𝝆l (kg·m−3) El (×1010 Pa) Gl (×1010 Pa) 𝝆s (kg·m−3) Es (×105 Pa) Gs (×104 Pa)

/ 11 600 4.08 1.49 1300 1.175 4.0
20% [9280, 13 920] [3.264, 4.896] [1.192, 1.788] [1040, 1560] [0.94, 1.41] [3.2, 4.8]

FIGURE 16 The fitness values of the best individuals for each iteration [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 17 The phononic crystals microstructure (left) and its corresponding band structure (right) at different iterative time: (A)
iterative time= 1, (B) iterative time= 8, (C) iterative time= 19, (D) iterative time= 36, and (E) iterative time= 63 [Colour figure can be viewed
at wileyonlinelibrary.com]
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TABLE 4 The optimized results of the bandgaps with 20% uncertainty

No. Uncertainty Bandgap (Hz) Bandgap Width (Hz)

Figure 17A 20% [647, 1262] 615
Figure 17B 20% [626, 1263] 637
Figure 17C 20% [646, 1319] 673
Figure 17D 20% [619, 1319] 700
Figure 17E 20% [584, 1317] 733

As shown in Figure 17, the maximum BG is between the 3rd eigenfrequency and the 4th eigenfrequency. With the
increase of the number of iteration time, the BG becomes wider and wider. The detailed information of the BGs is listed in
Table 4. From Table 4, the first BG at the 1st iterative time is [647 Hz, 1262 Hz] and its width is 615 Hz. When the iterative
time is 8, the BG region and its corresponding width are respectively [626 Hz, 1263 Hz] and 637 Hz, which then expand
further to [646 Hz, 1319 Hz] and 673 Hz at the 19th iterative time. By the 36th iterative time, the BG frequency region
reaches [619 Hz, 1319 Hz] and the BGW is 700 Hz. When the iterative time is over 63, the BGs remain unchanged. It
implies that the optimized topology of PnC with 20% uncertainty has been obtained. The BG region is [584 Hz, 1317 Hz],
where the BGW is 733 Hz.

5.2 Lightweight design of PnCs with specific BG region
Excellent sound insulation and light weight are the requirements for noise attenuation in vehicle. Thus, the topology opti-
mization of PnCs with a minimum mass and a specific BG region is investigated. The optimization model of lightweight
design is introduced by Equation (26) in Section 4.1. Assuming that the required BG region is [700 Hz, 1100 Hz], the lat-
tice constant a of unit cell is also set as 10 mm. The unit cell is divided into 10 × 10 design elements in which lead and
silicone rubber are randomly distributed. The material parameters with 20% uncertainty are listed in Table 3. The initial
adaptive crossover probability Pc and adaptive mutation probability Pm are respectively 0.9 and 0.05. The population size
Nc is 50, and the iterative time M is 200. The fitness values are shown in Figure 18.

From Figure 18, as the iterative time increases, the fitness value of the individual gradually decreases. The fitness value
remains unchanged when the iterative time is over 87. The optimization process has reached convergence and the best
fitness value is 0.28. The optimization results are shown in Figure 19. In each case, the left and right subfigures are
respectively the PnC microstructure and its corresponding band structure.

As shown in Figure 19, with the iteration time increases, the filling ratio of lead in PnCs gradually reduces. The
minimum filling ratio is achieved over the 87th iterative time. The detailed information of the filling ratios is listed in
Table 5.

From Table 5, at the 1st iterative time, the first adequate BG is [614 Hz, 1317 Hz] and the filling ratio of lead is 0.565.
As the iterative time increases, the filling ratios decrease slowly. When the iterative time is 25, the BG range is [660 Hz,
1318 Hz] and its corresponding filling ratio is 0.475, which then reduce to 0.4 at the 43rd iterative time. By the 63rd iterative
time, the BG frequency region is [658 Hz, 1245 Hz] and the filling ratio is 0.36. When the iterative time is over 87, the filling
ratios remain the same. It means that the optimization process has already converged. The BG range is [669 Hz, 1145 Hz],
which also satisfies the frequency region constraint ([700 Hz, 1100 Hz]). Meanwhile, the filling ratio of lead is 0.28.

FIGURE 18 The fitness values of the best individuals for each iteration [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 19 The phononic crystals microstructure (left) and its corresponding band structure (right) at different iterative time: (A)
iterative time= 1, (B) iterative time= 25, (C) iterative time= 43, (D) iterative time= 63, and (E) iterative time= 87 [Colour figure can be
viewed at wileyonlinelibrary.com]
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TABLE 5 The optimized results of the filling ratios with 20% uncertainty

No. Uncertainty Filling Ratio Bandgap (Hz)

Figure 19A 20% 0.565 [614, 1317]
Figure 19B 20% 0.475 [660, 1318]
Figure 19C 20% 0.400 [667, 1264]
Figure 19D 20% 0.360 [658, 1245]
Figure 19E 20% 0.280 [669, 1145]

The BG frequency region and the filling ratio of lead are respectively [584 Hz, 1317 Hz] and 0.635 in reliability optimiza-
tion with maximum effective BGs (Section 5.1). Meanwhile, the results of lightweight design are [669 Hz, 1145 Hz] and
0.28, respectively. Compared the aforementioned results, the filling ratio of lead in lightweight design is much smaller
than that in Section 5.1. Moreover, the BG range satisfies the frequency region constraint.

6 CONCLUSIONS

In this paper, a polynomial-based method, termed as the SPSCPE method, is presented for the band structure analysis of
PnCs with unknown-but-bounded parameters. In the SPSCPE method, the uncertain parameter is treated as the interval
variable based on the interval model. Then, the sparse point sampling scheme is introduced to improve the efficiency of the
CPE method without exchanging accuracy. The SPSCPE method with n truncated order is easily processed by using the
FEM. The interval bounds of band structures of PnCs with the interval variables are efficiently calculated by the SPSCPE
method. Compared with the results obtained by the MCM and the CPE method, the SPSCPE method can obtain the same
calculation accuracy with higher efficiency. Thus, the SPSCPE method is an efficient way to estimate the interval bounds
of band structure with uncertainties.

In addition, the proposed SPSCPE method is extendedly introduced for the topology optimization of 2D PnCs with
unknown-but-bounded parameters. The accumulation strategy and HDM are severally used to eliminate the disconti-
nuities, checkerboard, and hinge phenomena in the GA. In the end, the proposed method is applied for the reliability
optimization of PnCs with maximum effective BGs. Moreover, the proposed method is employed for the lightweight design
of PnCs with specific BG range. Numerical results demonstrate the effectiveness and efficiency of the proposed method
in the point-connection-free topology optimization of PnCs.
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APPENDIX : SPARSE POINT SAMPLING SCHEME

This appendix describes the sparse point sampling scheme in detail. First, from Section 2.3, the number of the multinomial
coefficients Nc is defined as

Nc =
(n + q)!

n!q!
, (A1)

where n is the truncated order of the “simplex” CPE and q is the number of interval variables.
Based on Equation (9), sample point set is generated to calculate the corresponding multinomial coefficients

𝑓i1,i2,… ,iq(k). Meanwhile, the allowable maximal number of the sample point set elements is set as Nm in this paper. In gen-
eral, Equation (9) can be solved when the number of the sample point set elements is greater than that of the multinomial
coefficients, which can be expressed as

Nc =
(nm + q)!

nm!q!
< Nm, (A2)

where nm is the maximal truncated order of the “simplex” CPE. For instance, if Nm = 800 and q = 7 (or 8), then
nm = 5 (or 4).

Then, the full sample points of the “simplex” CPE is written as

x = [xi] = [cos 𝜃i] = cos 𝛉, and i = 1, 2, … , q (A3)

𝛉 = [𝜃i] , and 𝜃i = 𝜃(𝑗) = 𝜋

2
· 2𝑗 − 1

nm + 1
, 𝑗 = 1, 2, … ,nm + 1, (A4)

where x is the set of the sample point (or interval variable) xi and 𝛉 is the set of the sample (or integral) point parameter
𝜃i. In addition, the number of the full sample points is (nm + 1)q.

Generally, the initial sample points extracted from the full sample points have a great impact on the entire sampling
process. Thus, the initial sample points are required to distribute evenly in the whole space. The maximin principle is
applied for estimating the uniformity of the initial sample points. Meanwhile, the scalar-valued criterion function is used
to select the initial sample points, which can be expressed as

Φr(𝛉) =
( t0∑

i=1

t0∑
𝑗=i+1

d
(
𝛉(i), 𝛉(𝑗)

)−r
) 1

r

, (A5)

where r is a large positive constant, which equals to 100. t0 denotes the number of the sample points. d(𝛉(i), 𝛉(j)) is the
distance between 𝛉(i) and 𝛉(j), which is calculated by

d
(
𝛉(i), 𝛉(𝑗)

)
=

( q∑
k=1

|||𝜃(i)k − 𝜃
(𝑗)
k
|||2
) 1

2

. (A6)

Assume the number of the initial sample points is q(nm + 1). The initial sample point set S0 can be described by matrix
q × q(nm + 1) in which the row and the column are the sequences of the sample points and the variables, respectively.
For example, if q = 7 and nm = 5, the initial sample points are listed in Table A1.

In Table A1, the first column, named as the reference column, is set as 1, 2, … , nm + 1 (nm = 5); if the order nm + 1
is smaller than q, the order of the ith variable is set as the remainder of i/(nm + 1) (which is highlighted in red font in
Table A1). Meanwhile, the first nm + 1 elements of the first row are also set as 1, 2,… , nm + 1. From Equation (A5),

TABLE A1 The initial sample point set S0 (q = 7, nm = 5)

Variable Number (q) Sample Point Number (q(nm + 1))
1 2 3 4 5 6 7 ... 42

1 1 2 3 4 5 6 1 ... 4
2 2 6 1 4 6 1 1 ... 5
3 3 6 6 1 4 3 1 ... 6
4 4 1 1 1 6 6 1 ... 6
5 5 1 2 2 3 1 6 ... 5
6 6 1 4 3 1 6 1 ... 6
7 1 6 3 1 3 6 6 ... 6
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TABLE A2 The initial sample point set S0 (q = 7, nm = 5)

Variable Number (q) Sample Point Number (q(nm + 1))
1 2 3 4 5 6 7 ... 42

2 2 6 1 4 6 1 1 ... 5
3 3 6 6 1 4 3 1 ... 6
4 4 1 1 1 6 6 1 ... 6
5 5 1 2 2 3 1 6 ... 5
6 6 1 4 3 1 6 1 ... 6
7 1 6 3 1 3 6 6 ... 6
1 1 2 3 4 5 6 1 ... 4

TABLE A3 The remaining sample point set Sr (q = 7, nm = 5, Nm = 800)

Variable Number (q) Sample Point Number (Nm − q(nm + 1))
43 44 45 46 47 48 49 ... 800

1 1 6 6 1 6 1 1 ... 1
2 6 1 1 4 6 1 6 ... 6
3 1 4 1 6 1 1 6 ... 3
4 1 6 6 1 6 6 1 ... 3
5 6 6 6 6 1 5 6 ... 1
6 6 6 1 1 6 6 6 ... 6
7 4 1 1 6 6 6 6 ... 6

the smaller value of Φr (𝛉) indicates the more uniformity of the sample point set. Thus, the other sample points of the
first nm + 1 columns are determined by minimizing the value of Φr (𝛉), which are highlighted in a blue font in Table A1.
Similarly, the remaining part of the initial sample point set S0 can be chosen by the same way.

Moreover, to ensure the uniformity of the initial sample points, (namely, to ensure each variable has an equal opportu-
nity to be the reference row,) the first row of the matrix has to move to the last and the other rows forward in sequence
(shown in Table A2). Then, choose another nm + 1 sample points to the first row and repeat the same operation until the
initial sample point set S0 is determined.

The allowable maximal number of the sample point set elements is Nm, so the number of the remaining sample points
is Nm − q(nm + 1). The remaining sample point set Sr can be expressed by matrix q × (Nm − q(nm + 1)). Similarly, the
remaining sample point set Sr can also be chosen by Equation (A5). The remaining sample points are listed in Table A3.

As mentioned earlier, the truncated order n greatly influences the accuracy and efficiency of the “simplex” CPE. If the
maximal truncated order nm is directly applied for the “simplex” CPE, although the accuracy is guaranteed, the efficiency
is low. Thus, the incremental sampling method is introduced to seek the most suitable order n for the “simplex” CPE. In the
incremental sampling method, the truncated order n starts from 2, and then, it increases gradually until the termination
condition is satisfied.
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