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a b s t r a c t 

Nonlinearity and dissipation are two important aspects in elastic metamaterials that hold the potential to provide 
a novel method for the control of elastic waves. Here, we present a nonlinear dissipative elastic metamaterial 
in a triatomic mass-spring chain to explore the interplay between nonlinearity and dissipation for broadband 
wave attenuation. In the study, nonlinear stiffness is considered in the spring between the primary and secondary 
triatomic masses, and a damper is implemented in parallel to the tertiary spring. Various numerical tests on 
transient wave propagations are conducted, and show that the proposed design with properly selected nonlinear 
and damping parameters can generate broader wave attenuation regions compared with corresponding linear 
dissipative metamaterials and nonlinear non-dissipative metamaterials. We quantify the effects of nonlinearity 
and material damping in higher harmonic wave generations and wave energy absorption using narrow band in- 
cidences and demonstrate the application of the nonlinear dissipative triatomic lattice for blast wave mitigations. 
This work provides a novel approach to design materials capable of suppressing blast-induced shock waves or 
impact generated pulses that can cause severe local damage to nearby structures. 
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. Introduction 

Metamaterials are engineered materials that possess unique dy-
amic effective properties due to their specially designed microstruc-
ures rather than the naturally occurring materials used in their con-
truction. [1–5] . In recent years, electromagnetic metamaterials have
een developed for microwave absorbers, optical energy harvesting and
ensor applications [6–11] , meanwhile a great deal of theoretical, nu-
erical and experimental research has been conducted on elastic meta-
aterials (EMs) with novel applications such as elastic wave absorbers,
egative refractive indices, cloaking and superlensing [5] . The primary
omponents in the design of metamaterials are locally resonant (LR) in-
lusions at subwavelength scales such that the EM can be regarded as
n effective continuum media exhibiting, for example, negative effec-
ive mass density and/or negative effective moduli [12–17] . LR allows
or the manipulation or suppression of low-frequency waves without re-
uiring large additional masses or unrealistic structural scales [18–20] .
hile there are clear advantages of the LR mechanism, there remain a

umber of limitations that have yet to be overcome, i.e. band gaps pro-
uced by LR are generally narrow and fixed over specific frequencies. 

Up until now, the primary research focus has been aimed at the im-
rovement or optimization of linear EMs [21,22] which are typically
ased on a LR mechanism [23–27] to achieve broadband structural vi-
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ration suppression and seismic wave protection with minimal weight
ddition [28–35] . The common approaches that have been suggested are
ased on either passive or active design stratergies. For example, active
Ms with tunable or adaptive resonators built with shunted piezoelec-
ric materials have been proposed for broadband wave attenuation [36] .
n those material systems, complex electrical control modules are usu-
lly involved. One the other hand, passive approaches have been exten-
ively applied by taking the advantages of simplicity and robustness. To
nlarge wave/vibration attenuation frequency regions, multiple or gra-
ient resonator integrations have been suggested [22,37] . Additionally,
ncluding materials with strongly dissipative properties into EMs with
ingle or multiple resonators is one of the favourite strategies in the EM
esign [33,37] . Broadband elastic wave suppression has been demon-
trated numerically and experimentally with this approach, thanks to
he interaction between the resonant motion of the local resonators and
issipation [21,22] . 

Besides the linear regime, elastic waves propagating in metamate-
ials with nonlinear characteristics has seen an increasing amount of
esearch attention and shown to possess a number of interesting and
nique properties such as wave coupling, subharmonic generation, non-
inear dioding, discrete breathing, solitary wave propagation and topo-
ogical insulators [38–42] . Previous work on nonlinear elastic metama-
erials (NEMs) has been primarily based on discrete chains and granular
g). 
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Fig. 2. Dispersion relations of the nonlinear triatomic mass-spring lattice with 
different normalized nonlinear coefficients. 
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rystals due to the Hertzian contact phenomenon [43,44] . Strong non-
inearity has been shown to increase the velocity of elastic waves and to
odify band gap properties in nonlinear pieriodic medium [45–48] . For

xample, to broaden the wave attenuation frequency region, an ultra-
ow and ultra-broadband nonlinear acoustic metamaterial has been pro-
osed to combine conventional band gaps with chaotic bands [47,48] .
n addition, two one-dimensional (1D) nonlinear mass-spring chains fea-
uring diatomic and tetratomic microstructures have been investigated,
hich demonstrated the expansion of the bandwidth for elastic wave

uppression. However, NEMs with multiple nonlinear dissipative res-
nators have yet to be studied, and the design to achieve broadband
nd strong wave attenuations with proper selections of nonlinear and
amping coefficients has not been reported. 

In the following work, we propose a nonlinear dissipative triatomic
attice metamaterial capable of broadband elastic wave attenuation. In
he design, a nonlinear spring is equipped between the primary and sec-
ndary triatomic masses, and a damper is implemented in parallel to
he tertiary spring. We first develop an analytical model to characterize
ispersion properties of the nonlinear metamaterial based on lineariza-
ion assumptions. The band gaps produced by the nonlinear nondissi-
ative triatomic lattice are qualitatively estimated, and the nonlinear
ardening effect is clearly seen. Several numerical simulations on tran-
ient wave propagations through the nonlinear dissipative triatomic lat-
ice are then conducted with both narrow and broadband incidences.
he results show that by properly selecting nonlinear and damping pa-
ameters, the proposed design can generate broader wave mitigation
egions compared with corresponding linear dissipative metamaterials
nd non-dissipative nonlinear metamaterials. The effects of nonlinearity
nd material damping in higher harmonic wave generations are inves-
igated in further detail. Finally, the application of the nonlinear dis-
ipative triatomic lattice for blast wave mitigation is demonstrate nu-
erically. This work provides a design guideline for building nonlinear
issipative materials to suppress blast-induced shock waves or impact
enerated pulses which are broadband in nature. 

. Nonlinear triatomic mass-spring lattice and its dispersion 

elations 

Fig. 1 shows the schematic of the nonlinear triatomic mass-spring lat-
ice proposed in this study. As shown in the microstructure illustrated
n the rectangular region enclosed by red dashed lines, each of its unit
ell contains two local resonators and is coupled to each of its adja-
ent unit cells by a linear spring with stiffness k 0 . The three ideally-
igid masses that make up each of the unit cells are denoted as m 0 , m 1 ,
nd m 2 . The nonlinear Duffing oscillator is directly connected to the host
attice, which consists of a mass, m 1 and a nonlinear spring with cubic
onlinear stiffness, k 1 Δ+ k nl Δ3 ( Δ represents the displacement differ-
nce at the two ends of the spring). The other mass-spring oscillator
onnected to the Duffing oscillator in the unit cell consists of a mass
 m 2 ), a linear spring with stiffness k 2 , and a dashpot with damping co-
fficient c 2 . The displacements of m 0 , m 1 , and m 2 in the n- th unit cell
re denoted by u n , v n , and w n , respectively. The equations of motion for
he n- th cell can be expressed as 

 0 ̈𝑢 𝑛 = 𝑘 0 
(
𝑢 𝑛 +1 + 𝑢 𝑛 −1 − 2 𝑢 𝑛 

)
+ 𝑘 1 

(
𝑣 𝑛 − 𝑢 𝑛 

)
+ 𝑘 𝑛𝑙 

(
𝑣 𝑛 − 𝑢 𝑛 

)3 
, 

 1 ̈𝑣 𝑛 = 𝑘 1 
(
𝑢 𝑛 − 𝑣 𝑛 

)
+ 𝑘 𝑛𝑙 

(
𝑢 𝑛 − 𝑣 𝑛 

)3 + 𝑘 2 
(
𝑤 𝑛 − 𝑣 𝑛 

)
+ 𝑐 2 

(
�̇� 𝑛 − �̇� 𝑛 

)
, 

 2 �̈� 𝑛 = 𝑘 2 
(
𝑣 𝑛 − 𝑤 𝑛 

)
+ 𝑐 2 

(
�̇� 𝑛 − �̇� 𝑛 

)
. 

(1)
To calculate the dispersion relations of the nonlinear triatomic mass-
pring lattice, we employ a first-order time harmonic approximation
uch that the nonlinear spring is approximately described by an equiv-
lent linear spring with 

 eq = 𝑘 1 + 3 𝑘 𝑛𝑙 ( Δ) 2 . (2)

Note that Eq. (2) is derived from the system at its static equilibrium.
hen applying it to dynamics where higher-order time harmonics are

gnored, Δ represents the effective amplitude of the displacement dif-
erence at the two ends of the nonlinear spring. Although the approach
annot accurately capture the wave behavior of the nonlinear triatomic
ass-spring lattice, it will provide qualitative estimations on wave band

ap frequencies due to stiffening characteristics of nonlinear springs
46] . 

Given the linear nature of this simplified lattice model, applying the
loch theorem to the periodic lattice requires that 

 𝑛 +1 = 𝐮 𝑛 𝑒 𝑖𝜅𝑎 , (3)

here 𝜅 and a represent the wavenumber and lattice constant, respec-
ively, and 𝐮 𝑛 = [ 𝑢 𝑛 𝑣 𝑛 𝑤 𝑛 ] 𝑇 . Combining Eq.’s (1–3) , the disper-
ion relation can be obtained as 

𝐊 

′ − 𝑖𝜔 𝐂 + 𝜔 

2 𝐌 

||| = 0 , (4)

here 

 = 

⎡ ⎢ ⎢ ⎣ 
𝑚 0 0 0 
0 𝑚 1 0 
0 0 𝑚 2 

⎤ ⎥ ⎥ ⎦ 
, 

 = 

⎡ ⎢ ⎢ ⎣ 

𝑘 0 
(
2 − 𝑒 𝑖𝜅𝑎 − 𝑒 − 𝑖𝜅𝑎 

)
+ 𝑘 eq − 𝑘 eq 0 

− 𝑘 eq 𝑘 2 + 𝑘 eq − 𝑘 2 
0 − 𝑘 2 𝑘 2 

⎤ ⎥ ⎥ ⎦ 
, 

 = 

⎡ ⎢ ⎢ ⎣ 
0 0 0 
0 𝑐 2 − 𝑐 2 
0 − 𝑐 2 𝑐 2 

⎤ ⎥ ⎥ ⎦ 
. 

Fig. 2 shows the dispersion relations of the nonlinear triatomic mass-
pring lattice with different degrees of nonlinearities. It can be ob-
erved that, according to Eq. (4) , in the presence of material damp-
ng ( c 2 ≠ 0), the frequency becomes complex given real wavenumbers.
Fig. 1. Schematic of the nonlinear triatomic mass- 
spring lattice. 
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Fig. 4. Wave transmission spectra of the nonlinear dissipative triatomic mass- 
spring lattice with different normalized nonlinear and damping coefficients: (a) 
𝜏2 = 0.0072; (b) 𝜏2 = 0.072; (c) 𝜏2 = 0.72. 
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l  
n our dispersion investigations, we focus on the effects of nonlinear-
ties on band gap frequencies. Therefore, the damping coefficient, c 2 ,
s imposed to zero in Fig. 2 . In the calculations, the masses m 0 , and
pring constants k 0 are selected as 0.002 kg and 7.9 ×10 6 N/m, re-
pectively. Other mass and linear spring constant ratios are selected as
 1 / m 0 = 5, m 2 / m 0 = 20, k 1 / k 0 = 0.2 and k 2 / k 0 = 0.05 for optimized
ave attenuation performance [37] . We define a normalized nonlinear

oefficient, 𝜎 = Δ̃2 𝑘 𝑛𝑙 ∕ 𝑘 1 , with Δ̃ being the input displacement ampli-
ude and k nl a 

2 / k 0 = 15. In Fig. 2 , we plot the normalized frequency,
= 𝜔 ∕ 

√
𝑘 0 ∕ 𝑚 0 with different normalized wavenumbers, 𝜅𝜋/ a . It can

e found from the figure that two gaps in frequency are generated by
he local resonances of the two resonators. By increasing the normal-
zed nonlinear coefficient, 𝜎, the band gap occupying lower frequencies
s unchanged, whereas the second band gap is shifted to higher frequen-
ies with much broader bandwidths. This behavior is understandable,
s the band gap occupied at lower frequencies is mainly caused by the
esonance of the linear resonator, m 2 − k 2 [37] . Adding nonlinearity
nly modifies the coupling between m 1 − k 1 . Therefore, the band gap
ccupied at lower frequencies will not be effectively affected by nonlin-
arity. 

On the other hand, the nonlinear resonator is mainly responsible
or the other band gap. Increasing the nonlinearity produces an equiv-
lent spring with higher stiffness ( Eq. (2) ), resulting in broader band
aps occupying higher frequencies. Although the total wave attenuation
requency region is enhanced with the increase of nonlinearity, a pass
and still exists between the two band gaps and becomes broader with
arger nonlinearities, where the propagation of elastic waves is uninhib-
ted. This exhibits a major drawback of the nonlinear non-dissipative tri-
tomic mass-spring lattice for broadband shock wave attenuation. To ad-
ress this disadvantage, we will investigate the interplay between non-
inearity and dissipation by conducting time-dependent analyses subse-
uently. 

. Transient analysis of the nonlinear dissipative triatomic 

ass-spring lattice 

To explore the wave attenuation ability of the triatomic nonlinear
issipative metamaterial, time domain analyses are conducted on a 1D
attice system, where the metamaterial with 15 unit cells is inserted into
he middle portion of a linear single atomic mass-spring chain character-
zed by m 0 and k 0 ( Fig. 3 ). A displacement boundary condition is applied
o the first unit cell of the lattice system to generate a longitudinal wave.
n the study, the fourth-order Runge–Kutta method is adopted based on
ATLAB for calculating the transient displacement fields within the lat-

ice. Reflected waves from boundaries of the single atomic mass-spring
hain that contains 1000 unit cells can be successfully separated from
he transmitted waves in the time-domain signals for the frequencies of
nterest [48] . 

.1. Wave transmission spectra 

The transmission spectra of the nonlinear dissipative triatomic lattice
s obtained numerically by extracting the displacement from the single
tomic chain (550th unit cell) in the transmitted domain of the lattice
ystem. Swept-sine signals are applied to the first unit cell to generate
ncident longitudinal waves. Fig. 4 shows the transmitted signals in the
requency domain normalized to the incident signal. In the calculations,
ass and linear spring constants are kept the same as those used in

ig. 2 , and different nonlinear and damping coefficients are employed
or comparisons. 
In the presence of an extremely small normalized damping coeffi-
ient ( 𝜏2 = 𝑐 2 ∕ 

√
𝑘 2 𝑚 2 = 0.0072, Fig. 4 a), wave attenuation is clearly seen

n two separate frequency regions. When the normalized nonlinear co-
fficient, 𝜎, is increased from 0 to 1, the wave attenuation region oc-
upied at lower frequencies is kept unchanged, whereas the other high-
requency wave attenuation region is shifted to higher frequencies with
uch broader bandwidths. This behavior agrees reasonably well with

he prediction in Fig. 2 for different nonlinearities. As also expected
rom Fig. 2 , a pass band between the two wave attenuation regions
till remains, no matter what kinds of different nonlinear coefficients, 𝜎,
re used. However, this pass band can be suppressed by adding moder-
te material damping properties to the nonlinear triatomic mass-spring
attice. Fig. 4 b shows the transmitted signals from numerical simula-
ions, when 𝜏2 = 0.072. As shown in the figure, the wave attenuation in
his pass band frequency region becomes much stronger compared with
hose in Fig. 4 a. Note that there still exists a small amount of energy
eaking from the nonlinear section of the lattice, which can be suffi-
iently suppressed by adding more unit cells. Instead of doing this, a
ashpot with extremely large damping coefficient, 𝜏2 = 0.72, is imple-
ented as shown in Fig. 4 c. It can be seen from the figure that the orig-

nal pass band completely disappears, resulting in a single strong wave
ttenuation region. When 𝜎 = 1, the wave attenuation region is very
roadband occupying normalized frequencies from Ω = 0.05 to 0.6. This
roadband wave attenuation frequency region highlights the interplay
etween nonlinearity and material damping: nonlinearity contributes
o the migration of the original high-frequency wave attenuation region
o much higher and broadband frequencies and the material damping
itigates the pass band between the two original wave attenuation fre-

uency regions. The effects of nonlinearity and material damping pa-
ameter in the nonlinear dissipative triatomic lattice on wave attenua-
ion frequency regions have also been summarized in Table 1 . 

In order to quantitatively discuss the physical phenomena of non-
inearity, the wave transmission spectra with continuously varied
Fig. 3. Schematic of the nonlinear dissipative tri- 
atomic mass-spring lattice in transient analysis. 
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Table 1 

Wave attenuation frequency regions with different nonlinearities 
and material damping parameters in the nonlinear dissipative 
triatomic lattice. 

𝜏2 

𝜎

0.00 0.04 0.25 1.00 

0.0072 (0.05,0.13) (0.05,0.13) (0.05,0.13) (0.05,0.13) 

(0.25,0.50) (0.25,0.51) (0.26,0.55) (0.30,0.63) 

0.072 (0.05,0.13) (0.05,0.13) (0.05,0.13) (0.05,0.13) 

(0.25,0.50) (0.25,0.51) (0.25,0.55) (0.25,0.63) 

0.72 (0.05,0.50) (0.05,0.51) (0.05,0.55) (0.05,0.63) 

Fig. 5. Wave transmission spectra by continuously varying the normalized non- 
linear coefficient, 𝜎, of the nonlinear dissipative triatomic lattice with different 
material damping coefficients. 

n  

t  

t  

s  

c  

t  

w  

0  

n  

t  

c  

W  

n  

t  

q  

(  

t  

t  

Ω  

t  

s  

m  

w  

f  

r  

t  

l  

C  

r

3

 

m  

d  

n  

0  

t  

i  

w  

h  

i
 

u  

d  

e  

s  

d  

p  

c  

F  

r  

s  

n  

a  

s  

0  
ormalized nonlinear coefficient, 𝜎 has been shown in Fig. 5 . In par-
icular, the normalized frequency Ω is selected as 0.25 and 0.60, respec-
ively, which are located within the lower and upper boundaries of the
econd bandgap of the linear nondissipative triatomic lattice, to show
hanges of wave attenuation regions. It can be concluded from the figure
hat (a) in the presence of the small damping coefficient, 𝜏2 = 0.0072,
hen the normalized nonlinear coefficient, 𝜎, gradually increases from
.05 to 1, the normalized amplitudes of transmitted displacement sig-
als at ΩΩ = 0.25 gradually increase from 0.1 to 0.9, indicating that
he lower boundary of the second band gap shifts to higher frequen-
ies and the original stop band becomes the pass band at ΩΩ = 0.25.
hereas, the normalized amplitudes of transmitted displacement sig-
als at ΩΩ = 0.60 gradually decrease from around 0.8 to 0.2, implying
hat the upper boundary of the second band gap also shifts to higher fre-
uencies and the original pass band becomes the stop band at ΩΩ= 0.60.
b) in the presence of the large damping coefficient, 𝜏2 = 0.72, when
he normalized nonlinear coefficient, 𝜎, gradually increases from 0.05
o 1, the normalized amplitudes of transmitted displacement signals at
Ω = 0.25 remains around zero, which means that the wave attenua-

ion performance becomes unaffected near the lower boundary of the
econd band gap. At the same time, the normalized amplitudes of trans-
itted displacement signals at ΩΩ = 0.60 are almost same with that
hen the small damping coefficient, 𝜏2 = 0.0072, is presented. There-

ore, waves with frequency components occupying the entire frequency
egion, ΩΩ = 0.05–0.63, can be blocked by the nonlinear dissipative
riatomic lattice. In the study, the ratio between the propagated wave-
ength and lattice constant is from 65 to 10 for this frequency range.
onsequently, the nonlinear dissipative triatomic lattice can be used to
epresent as an elastic metamaterial. 

.2. Narrow-band incidence 

To further show details of interactions between nonlinearity and
aterial damping of the nonlinear dissipative triatomic lattice, time-
ependent analyses with narrow-band incidences are conducted. The
on-dimensionalized frequency region of particular interest, Ω =
 . 15 ∼ 0 . 35 , is where the pass bands of both the linear and nonlinear
riatomic lattices can be suppressed by increasing the material damp-
ng. Without loss of generality, incident signals are first selected as sine
aves with the frequency Ω = 0.3. The parameters of the system studied
erein are the same as those applied in Fig. 4 (the schematic illustration
s shown in Fig. 3 ). 

Fig. 5 shows phase diagrams of the outermost mass, m 0 , in the first
nit cell of the triatomic lattice using response trajectories between the
isplacement and velocity. In Figs. 6 a–c, the normalized nonlinear co-
fficient is kept the same as 𝜎 = 1, and the damping coefficient, 𝜏2 , is
elected as 0.0072, 0.072 and 0.72, respectively. For comparison, phase
iagrams of the outermost mass in the first unit cell of the linear dissi-
ative triatomic lattice are illustrated in Figs. 6 d–f, where the damping
oefficient, 𝜏2 , is again selected as 0.0072, 0.072 and 0.72, respectively.
or the linear triatomic lattice ( Figs. 6 d–f), displacement and velocity
esponses are almost the same when 𝜏2 is increased from 0.0072 to 0.72,
howing stable single-frequency responses. Whereas, in the presence of
onlinearity, multiple nested rings containing high-frequency responses
re clearly seen in Fig. 6 a, when the triatomic lattice is prescribed a
mall damping coefficient. By increasing the damping coefficient, 𝜏2 to
.072, the frequency up-conversion can be weakened ( Fig. 6 b). When
Fig. 6. Normalized phase diagrams of the outermost mass 
in the first unit cell of the linear and nonlinear tri- 
atomic lattices represented by the response trajectories 
between the displacement and velocity. (a–c): Nonlinear 
dissipative triatomic mass-spring lattice: (a) 𝜏2 = 0.0072; 
(b) 𝜏2 = 0.072; (c) 𝜏2 = 0.72. (d–f): Linear dissipative tri- 
atomic mass-spring lattice: (d) 𝜏2 = 0.0072; (e) 𝜏2 = 0.072; 
(f) 𝜏2 = 0.72. 
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Fig. 7. Waterfall plots of power spectra of the first unit cell in the nonlinear dissipative triatomic lattice with different normalized nonlinear coefficients: (a) 
𝜏2 = 0.0072; (b) 𝜏2 = 0.072; (c) 𝜏2 = 0.72. 
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he lattice is prescribed an extremely large material damping coefficient,

2 = 0.72, the frequency conversion effects due to nonlinearity are al-
ost entirely lost ( Fig. 6 c), and the displacement and velocity responses

re close to those of the linear dissipative triatomic lattice. 
To more clearly see the frequency conversions, Fig. 7 shows waterfall

lots of the power spectra of the first unit cell in the nonlinear dissipa-
ive triatomic lattice by continuously changing the normalized nonlin-
ar coefficients. In Figs. 7 a–c, the damping coefficient, 𝜏2 , is selected
s 0.0072, 0.072 and 0.72, respectively, and 10-peak tone-burst signals
ith the central frequency Ω = 0.3 are used. If small damping coeffi-

ients are applied ( 𝜏2 = 0.0072 in Fig. 7 a), the frequency conversion to
he triple of the input frequency becomes strong when 𝜎 > 0.2. Fur-
hermore, we start to see the chaotic behavior, when 𝜎 approaches 0.4.
ncreasing the damping coefficient will compromise the nonlinear be-
avior and weaken frequency up-conversions. For example, in Fig. 7 b,
here 𝜏2 = 0.072, the frequency conversion begins to arise when 𝜎 >

0.4. The chaotic behavior is still observed but becomes extremely weak,
hen 𝜎 approaches 0.7. In addition, if extremely large damping coeffi-

ients are applied ( 𝜏2 = 0.72in Fig. 6 c), both the frequency conversion
nd chaotic behavior can be nearly switched off. Therefore, carefully
rescribed degrees of nonlinearity and material damping coefficients
ould be a potential solution in controlling amplitudes of higher har-
onic waves generated in the nonlinear triatomic lattice. 
Fig. 8. Frequency spectra of wave energy intensities flow- 
ing through all the outermost masses in linear and non- 
linear triatomic lattices: (a, c, e): Nonlinear dissipative tri- 
atomic mass-spring lattice: (a) 𝜏2 = 0.0072; (c) 𝜏2 = 0.072; 
(e) 𝜏2 = 0.72. (b, d, f): Linear dissipative triatomic mass- 
spring lattice: (b) 𝜏2 = 0.0072; (d) 𝜏2 = 0.072; (f) 𝜏2 = 0.72. 
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Fig. 9. Time domain displacement signals extracted from 

the background linear single atomic lattices. (a and 
b) Linear dissipative triatomic mass-spring lattice: (a) 
𝜏2 = 0.0072; (b) 𝜏2 = 0.072; (c and d) Nonlinear dissi- 
pative triatomic mass-spring lattice: (c) 𝜏2 = 0.0072; (d) 
𝜏2 = 0.072. 
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It should be noted that Figs. 5 and 6 only show the dynamic responses
f the first unit cell. In Fig. 8 , frequency spectra of wave energy intensi-
ies flowing through all the outermost masses in the nonlinear triatomic
attice are illustrated. In the studies, 10-peak tone-burst signals with the
entral frequency Ω = 0.3 are used again. For comparison, frequency
pectra of the linear triatomic lattice are also shown in Fig. 8 a, c and e.
he normalized nonlinear coefficients, ( 𝜎 = 1), are kept constant among
ll the cases in Fig. 8 b, d and f. In Fig. 8 a and b, the damping coefficient,

2 , is selected as 0.0072. For the linear triatomic lattice ( Fig. 8 a), the
ncident wave is quickly decayed without frequency conversions after
ntering the lattice. This is expected, as the incident frequency is inside
and gap frequencies (see Figs. 2 and 4 ). On the other hand, for the non-
inear triatomic lattice ( Fig. 8 b), the incident wave is slowly decayed and
artially converted to waves at triple of the incident wave frequencies
fter entering the lattice. The converted high-frequency waves propa-
ate uninhibited along the nonlinear lattice, as their frequencies are out-
ide nonlinear band gap frequencies. As a result, the transmitted wave
ontains frequency components of both the fundamental and triple fre-
uencies. This behavior agrees reasonably well compared with Fig. 4 a.
n Fig. 8 c and d, the damping coefficient, 𝜏2 , is increased to 0.072. In
ig. 8 c, the wave attenuation behavior along the linear triatomic lattice
t the incident frequency is almost the same with that in Fig. 8 a, where

2 = 0.0072. Whereas for the nonlinear triatomic lattice ( Fig. 8 d), the
ncident wave experiences a much stronger decay compared with that in
ig. 8 b and converted high-frequency waves have much smaller ampli-
udes, due to the presence of the increased damping coefficient. Again,
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he converted high-frequency waves from several unit cells facing the
ncident wave will totally transmit through the nonlinear triatomic lat-
ice. In Fig. 8 e and f, the damping coefficient, 𝜏2 , is increased to 0.72.
imilarly, the wave attenuation along the linear triatomic lattice at the
ncident frequency has no change compared with those in Fig. 8 a and
. Meanwhile, the nonlinear triatomic lattice shows excellent wave at-
enuation where the incident wave can only travel several unit cells of
he nonlinear triatomic lattice and then disappears almost completely.
t is interesting to note that the waves at fundamental frequencies have
ot been converted to high-frequency waves due to the presence of the
xtremely large material damping coefficient. In addition, it may be no-
iced that the wave attenuation performance of the nonlinear triatomic
attice at incident frequencies already reaches the strength of the locally
esonant linear triatomic lattice. 

It is necessary to mention that the approaches used to obtain the
onlinear dynamic characteristics of the first unit cell demonstrated in
igs. 6 and 7 are applicable to other unit cells in the nonlinear triatomic
attice. Special attention should be given however that when waves pass
hrough the lattice, their amplitudes will vary from one unit cell to the
ther unit cells, as illustrated in Fig. 8 . Therefore, the phase diagrams
nd waterfall plots of power spectra of other unit cells in the nonlin-
ar dissipative triatomic lattice would possess similar trends as those
hown in Figs. 6 and 7 , but with different nonlinear and damping coef-
cients at transition points of the frequency conversions. It should also
e noted that the nonlinear hardening effects of the nonlinear dissipa-
ive triatomic lattice are still preserved such that the broadband high-
requency wave attenuation is observable ( Fig. 4 c). However, attenua-
ion at high frequencies inside the nonlinear band gap ( Ω = 0.45–0.7)
ecomes weaker as the wave amplitudes gradually decrease while pass-
ng through the lattice. To overcome this drawback, gradient nonlinear
issipative triatomic lattices could be a simple solution for better wave
ttenuation performances at broadband frequencies. 

Besides the low transmittances, the nonlinear triatomic lattices also
upport superior wave absorptions when compared with the linear coun-
erparts. To demonstrate this, transmitted and reflected wave signals are
xtracted from the linear single atomic background lattices (550th unit
ell for transmissions and 300th unit cell for reflections). Linear or non-
ig. 10. Displacement responses of the 40 unit cells in the dissipative triatomic lattice
c) 𝜎 = 0.25; (d) 𝜎 = 1.0. 
inear triatomic lattices are embedded into the middle portion of the
inear single atomic lattices. The incident signals and material parame-
ers are left unchanged as those in Fig. 8 . Fig. 8 a and b show transmitted
nd reflected wave signals, when linear and nonlinear triatomic lattices
ith extremely small damping coefficients ( 𝜏2 = 0.0072) are involved,

espectively. Comparing the two figures, it is clear that most of the en-
rgy is reflected back due to the presence of the linear triatomic lattice.
y including the nonlinear triatomic lattice, transmitted waves become
ispersive and possess much larger amplitudes. As expected, frequency
onversions are clearly observed in both transmitted and reflected sig-
als. It should also be noted that the energy dissipation in both of the
wo cases is negligibly small. By increasing 𝜏2 to 0.072, Fig. 8 c and d
how transmitted and reflected waves signals with linear and nonlinear
issipative triatomic lattices, respectively. As shown in Fig. 9 c, the trans-
itted signal is almost the same as that in Fig. 9 a, whereas the amplitude

f reflected signal is slightly decreased, indicating that a small portion
f the incident energy is absorbed by the linear dissipative triatomic
attice. By properly combining nonlinearity and the material damping
 Fig. 9 d), the transmitted wave can be almost entirely suppressed with
lose to zero amplitudes. In addition, the amplitude of the reflected sig-
al is decreased again, implying that more incident energy is absorbed
y the nonlinear dissipative triatomic lattice compared with the linear
issipative triatomic lattice. 

.3. Blast wave incidence 

In this section, we employ a blast wave signal to evaluate impact
ave mitigation abilities of the nonlinear dissipative triatomic lattice.
ime-dependent simulations are conducted based on a nonlinear dissi-
ative triatomic lattice containing 40 unit cells. A displacement bound-
ry condition representing an incident blast signal is applied to the first
nit cell at the left-most boundary of the lattice, where the applied dis-

lacement is given by 𝑋 = 𝑋 max 𝑒 
𝑡 − 𝑡 0 
𝑡 𝑑 , with t 0 = 0.5 ms and t d = 0.1 ms.

he last unit cell at the right boundary of the lattice is left free. 
Fig. 10 shows snapshots of the displacement responses of the 40 unit

ells in the nonlinear dissipative triatomic lattice at different times. In
s with different normalized nonlinear coefficients. (a–d): (a) 𝜎 = 0; (b) 𝜎 = 0.04; 
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he figures, the vertical axis and color represents the normalized dis-
lacements. In the simulations, mass, spring and damping parameters
re the same as those used in Fig. 8 b, and the normalized nonlinear
oefficient, 𝜎, is selected as 0, 0.04, 0.25, and 1 in Figs. 10 a–d, respec-
ively. As illustrated in Fig. 10 a, when the blast wave propagates along
he linear dissipative triatomic lattice, the sharp peak in the wave front
ecomes dispersive and gradually decreases along the lattice. The blast
ave is finally reflected, after reaching the free boundary. By increas-

ng the normalized nonlinear coefficient, 𝜎, to 0.04 ( Fig. 10 b), the sharp
eak in the wave-front decays faster along the lattice and the amplitude
ecomes smaller at the free boundary compared with that of the lin-
ar dissipative triatomic lattice. By further increasing the normalized
onlinear coefficient, 𝜎, to 0.25 ( Fig. 10 c), the sharp peak is quickly
ecayed in a few unit cells and the blast wave transmitted to the free
nd is nearly negligible. Furthermore, it should be noticed that the blast
ave is concentrated in the first unit cells and takes more time to fully
ecayed. Again, if 𝜎 = 1.0 ( Fig. 10 d), the blast wave is almost com-
letely prohibited from propagating along the lattice, which will result
n near zero transmittances. However, it will take much more time to
ompletely dissipate the concentrated blast wave energy in the first unit
ells. 

. Conclusions 

In summary, we propose and numerically evaluate a nonlinear dis-
ipative triatomic lattice metamaterial, by equipping nonlinear springs
etween the primary and secondary triatomic masses and implement-
ng dampers in parallel to tertiary springs, with the aim to mitigate
roadband elastic waves. Wave band gaps of nonlinear non-dissipative
riatomic lattices are first approximated by linearized dispersion anal-
ses. We characterize the dynamic time-dependent responses of the
onlinear dissipative triatomic lattice using the fifth-order Runge–Kutta
ethod. The calculated transmission spectra show that the proposed de-

ign with properly selected nonlinear and damping parameters can gen-
rate broader wave attenuation frequency regions when compared with
orresponding linear dissipative and nonlinear non-dissipative counter-
arts. Furthermore, higher harmonic waves generated by the nonlin-
ar dissipative triatomic lattice are quantified with different nonlinear
nd damping parameters using narrow band excitations. In addition, we
nd that the nonlinear dissipative triatomic lattice can provide stronger
ave absorption than the corresponding linear dissipative triatomic lat-

ice at the excitation frequency used in the study. Finally, the nonlinear
issipative triatomic lattice is numerically tested for blast wave mitiga-
ions which present a persistent challenge as they occupy a broad range
f frequencies by nature. The suggested design and its parameter studies
hould shed light on the development of nonlinear mechanical metama-
erials for elastic wave manipulation in general, impact and blast wave
itigation in particular. 
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