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In this Letter, both in-plane and out-of-plane guided waves in a thin plate with local resonators are stud-
ied numerically and experimentally. Through the numerical simulation, a new metamaterial plate design
is achieved for a low-frequency bandgap in both in-plane and out-of-plane guided waves. Experiments
were conducted to validate the numerical design. In the experiment, piezoelectric transducers were used
to generate and receive guided wave signals. The results show that the numerical predictions are in very
good agreement with the experimental measurements. Specifically, the connection between the local res-
onance in the thin plate and its wave attenuation mechanism was discussed.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Phononic crystals (PCs) are artificial periodic composite mate-
rials consisting of periodically distributed inclusions in a matrix.
PCs can be classified into two categories: acoustic phononic crys-
tals (APCs) in a fluid matrix, and elastic phononic crystals (EPCs) in
an elastic solid matrix. By introducing artificially designed struc-
ture on a subwavelength scale into PCs, acoustic/elastic PCs or
metamaterials have provided great opportunities to realize novel
phenomena [1–4]. Although considerable literature on bulk wave
propagation in acoustic/elastic metamaterials [5–8] exists, compar-
atively little attention has been directed to the experimental study
of guided waves in metamaterials of the form of thin plates, espe-
cially pure in-plane and out-of-plane guided waves.

The band structure of two-dimensional solid/solid PC plates
has been analyzed by using the finite element (FE) method [9].
Hsiao et al. [10] studied the band structure of steel/epoxy PC
plates experimentally. Good agreement with the numerical sim-
ulation was found. However, the PC bandgaps are limited in the
mid-high frequency ranges, because the wave attenuation mecha-
nism is attributed to the Bragg scattering. Using Mindlin’s theory
based plane wave expansion method, Hsu and Wu [11] numeri-
cally studied Lamb wave propagation and low-frequency bandgaps
in composite plates composed of periodic soft rubber in an epoxy
host. The study focused on the coupled guided wave. Wu et al.
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[12] numerically and experimentally demonstrated the existence
of low-frequency bandgaps through the resonance mechanism in
a plate with a periodic stubbed surface. By increasing the heights
of the stubs, various resonances were produced which result in a
complete bandgap structure. The proposed plate structure, how-
ever, may have limits for some specific engineering applications
due to the requirement of increased weight and thickness of the
plate. It is also noticed that Sun et al. [13] proposed a PC structure
imposed by periodic circular membranes to propagate resonant
slow mode of concentrated acoustic energy. Farhat et al. [14] pro-
posed a design of a broadband multilayered cloak for flexural wave
propagation in a thin infinite elastic plate.

In the present study, a thin plate with periodic cantilever-mass
microstructures is proposed for both low-frequency bandgap ap-
plications for in-plane and out-of-plane waves. In contrast to the
previous plate design by Wu et al. [12], the thickness of the plate
remains constant and only one material is used. This provides a
better design space for low-frequency bandgaps. In this study, the
low-frequency bandgaps in the metamaterial plate are investigated
numerically and experimentally for both in-plane extensional and
out-of-plane flexural guided waves. For numerical simulation, dis-
persion relations of the metamaterial plate are calculated using the
finite element software ANSYS. A specific experimental setup by
using piezoelectric transducers is conducted for guided wave actu-
ations and measurements.

2. Numerical simulation

Numerical simulations are performed to find proper unit cell
design in the thin plate for low-frequency bandgaps. Unit cells
with different microstructure configurations (see the second row
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Fig. 1. Dispersion relations of a thin plate with different types of unit cells: (a) only an interior square cut-out, (b) added interior cantilever, (c) added interior cantilever with
a tip mass m1, (d) added interior cantilever with a tip mass m2 = 2m1, (e) added interior cantilever with a tip mass m3 = 3m1.

in Fig. 1) in a thin plate are investigated. In Fig. 1(a), the unit cell
is a plate with an interior square cut-out. Based on the unit cell in
Fig. 1(a), an interior cantilever is subsequently added in the unit
cell as shown in Fig. 1(b). In Fig. 1(c)–(e), the unit cell is a plate
with an interior cantilever-mass system. As shown in Fig. 1(c)–(e),
the masses at the tips of the cantilevers are m1, m2 = 2m1 and
m3 = 3m1, respectively. The thin plate is made of stainless steel
(ρ = 8000 kg/m3, E = 193 GP and ν = 0.31) with the thickness
h = 1 mm. Thirty unit cells in length direction and two unit cells
in width direction are used for the simulation of wave propagation
in the plate. The spacing of the adjacent unit cells is a = 5.6 mm.
The guided wave propagates along the x direction as shown in
Fig. 1. The xyz coordinate system is defined and plotted in the
second row of Fig. 1. Due to the geometric complexity of the mi-
crostructure, the finite element technique is employed with the
aid of the commercial finite element software, ANSYS v11.0. In
the numerical simulation, the 3D solid element SOLID45 is chosen
to model the thin metamaterial plate and five elements are used
in the thickness direction. Manual mesh strategy is used to better
control mesh density and element shape for the complex interior
cantilever-mass geometry. The dispersion relations of the meta-
material plates with different types of unit cells for out-of-plane
flexural wave and in-plane extensional wave are plotted in the first
row and the third row of Fig. 1, respectively. The phase veloci-
ties of the fundamental out-of-plane and in-plane guided waves in
Fig. 1(a) are 670 m/s and 3900 m/s, respectively. Comparing with
phase velocities of the pure plate, phase velocities of the meta-
material plate decrease because of its interior cut-out. Attention is
focused on the frequency range near the bandgap. The normalized
wavenumber k∗ is defined as k∗ = k ·a and k is wavenumber. It can
be noticed that no low-frequency bandgap can be found for the
plates with the first two types of the unit cells. The low-frequency
bandgap only appears in the plates that contain a mass at the tip
of the cantilever in the unit cell. It is also noted that, as the tip

mass increases, the bandgap frequencies are lowered. This can be
easily explained by the resonance mechanism. For the cantilever-
mass system, the local resonance frequency can be approximately

estimated by ω0 =
√

Keff
M where M is the tip mass, Keff = 3E I

l3
, E ,

I and l are elastic modulus, moment of inertia, and length of the
cantilever in Fig. 1(e), respectively. It should be mentioned that the
moment of inertia I for in-plane wave is different from that of the
flexural wave.

3. Experiments and results

3.1. Experimental setup

Base on the above analysis, a design of the metamaterial plate
with the unit cell in Fig. 1(e) was selected for the following ex-
periments because the lowest bandgap exists for the unit cell.
Both in-plane extensional and out-of-plane flexural guided wave
propagation experiments on the thin metamaterial plate were con-
ducted. The specimen is made of stainless steel with the same
material properties that mentioned in Section 2. The schematic of
the experimental setup is shown in Fig. 2.

The metamaterial plate consists of 50 × 7 unit cells with
cantilever-mass microstructures. In the experiment, two thin PZT
disks PKI-402 (with dimensions of 6.36 mm diameter and 0.76 mm
thickness and planar frequency constant 2159 Hz ·m, Piezo Kinetics
Inc.) functioned as actuators were bonded on the top and bottom
surfaces of the plate at the same in-plane location (Fig. 2). For the
polarization direction along the thickness direction, the electrodes of
these two actuators were connected to two voltage inputs with the
same absolute value but opposite signs to generate flexural waves,
and in-plane extensional waves were generated by connecting the
electrodes of these two actuators to the same voltage input. An-
other PZT ceramic disk is surface mounted on one-side of the plate
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Fig. 2. Schematic of the experimental setup.

Fig. 3. Experimental measurements of in-plane wave: (a) spectrum of the original five peak input signal; (b) spectrum of the transmitted signal.

as a sensor to collect the guided wave signals. A waveform gen-
erator (Tektronix AFG 3021) generates the excitation signal. The
excited signal is first amplified by a wideband power amplifier
(Krohn-Hite 7602M), then drives a pair of PZT actuators to gen-
erate transient guided waves. The input signal in the experiment
was chosen as a five-peak excitation signal [15] to produce a nar-
row frequency spectrum and reduce the dispersive effect. Signals
from the sensors are collected by the digital oscilloscope (Tektronix
DPO4034) and processed on the computer by the software NI Sig-
nalExpress. The transient signals were digitized with 10 000 points
using a sampling interval of 0.04 μs.

3.2. Experimental results

The measured voltage spectra of input and transmitted signals
for the in-plane guided wave are normalized with respect to their
maximum values and the normalized results are shown in Fig. 3(a)
and (b), respectively. Similarly, Fig. 4 shows the normalized volt-
age spectra of input and transmitted signals for the out-of-plane
guided wave. For comparison, the bandgaps predicted by the nu-
merical simulation are also shown by shaded regions in Figs. 3(b)
and 4(b). From Figs. 3(b) and 4(b), good agreements between the
numerical predictions and experimental results are evident for
both in-plane and out-of-plane guided waves.

4. Wave attenuation mechanism

Next, the wave attenuation mechanism in the metamaterial
plate is numerically investigated by considering free harmonic in-

plane wave propagation in the thin plate. Since the wavelength of
the harmonic wave generated at the excitation frequency is much
larger than the size of the microstructure of the plate, the meta-
material plate can be regarded as an effectively homogeneous con-
tinuous medium. For a harmonic longitudinal wave propagating in
x direction, let the global in-plane displacement at the ( j)-th unit
cell of the metamaterial plate be expressed

u( j)
x = Be−iωt (1)

where ω is angular frequency and B denotes wave amplitude.
Then, the wave motion of the ( j + n)-th unit cell can be written
as:

u( j+n)
x = Be−i(nka−ωt) (2)

where n is an integer representing the periodic number of unit
cells, k is wave number and a is the lattice constant of the unit
cell. If the excitation frequency is in the bandgap, then the wave
number would become complex, i.e., ka = α + iβ , and we have

∣∣∣∣
u( j+n)

x

u( j)
x

∣∣∣∣ = e−nβ (3)

From Eq. (3), it can be noted that the displacement decays spa-
tially as an exponential function when wave frequency is within
the bandgap. In order to confirm the attenuation mechanism, a nu-
merical analysis is performed by extracting displacements of the
nodes along the wave propagation direction. In the numerical sim-
ulation, the metamaterial plate consists of 30 × 2 unit cells with
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Fig. 4. Experimental measurements of out-of-plane wave: (a) spectrum of the original five peak input signal; (b) spectrum of the transmitted signal.

Fig. 5. (a) Normalized x-directional in-plane guided wave displacements at different frequencies; (b) x-directional displacement fields in the plate at different frequencies.

cantilever-mass microstructures. The plate is free at one end and
the sinusoidal displacement excitation is applied at the other end
of the plate. The spatial attenuation of the metamaterial plate
under different exciting frequencies for the x-directional in-plane
extensional wave is shown in Fig. 5(a). In the figure, the normal-
ized displacement field is defined as U∗ = |ux|/|ux0| with ux be-
ing displacement responses at different locations in the plate and
ux0 the excitation displacement. To gain a direct insight of the
spatial attenuation, the entire deformation fields in the metama-
terial plate for different excitation frequencies are schematically
displayed in Fig. 5(b). It is obvious that the displacement response
exhibits significant attenuation when the frequency is close to the
local resonance frequency (10.05 kHz for the in-plane extensional
wave from numerical simulation in Fig. 1(e)). The wave ampli-
tude is seen to decay significantly within two or three unit cells
when the excitation frequency is almost equal to the resonance
frequency. Similar phenomenon can be also observed for the out-
of-plane guided wave propagation. From the figure, it can be ob-
served that most energy is localized in the cantilever inclusion

near where the load is applied. Very little energy is stored in
the host plate. Since the system is pure elastic with the absence
of material damping, the attenuation process within the bandgap
gives an effective damping. This phenomenon has been explained
by Huang and Sun [8] using a discrete mass-spring metamaterial
model.

5. Conclusions

In summary, the in-plane and out-of-plane guided waves in a
metamaterial plate have been investigated numerically and experi-
mentally. The metamaterial plate design was first achieved through
the numerical simulation for the low-frequency bandgap. Experi-
ments for in-plane and out-of-plane waves were then conducted to
determine the corresponding bandgap locations. The experimental
measurements and the numerical predictions are in good agree-
ment. Specifically, the local resonance mechanism that results in
wave attenuation in the thin metamaterial plate has been demon-
strated.
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