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and verified by three-dimensional numerical simulations. Compared with resonators with
a thickness electric field, LEF resonators have a stronger piezoelectric coupling, and the
extra transferred energy of LEF resonators is reflected in the greater vibration attenua-
tion depth when the increasing degrees of the bandgap widths of the two cases are simi-
lar. Therefore, the LEF metamaterial beam exhibits better resistance-tuning characteristics;

namely, it can maintain better vibration attenuation properties when the bandgap width
is broadened by increasing the resistance value.
© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Acoustic metamaterials are composite structures that exhibit unusual effective physical properties that do not exist in
natural materials. Acoustic metamaterials can be designed to tailor elastic wave dispersion by using Bragg scattering or local
resonances. For Bragg scattering [1-4]|, the wavelength is on the order of the lattice constants in the propagation direction;
consequently, low-frequency Bragg-type bandgaps require large structure sizes. For locally resonant acoustic metamaterials
[5-8], bandgaps at wavelengths over two orders of magnitude longer than the lattice size can be realized, providing a
medium with unusual mechanical properties at long wavelengths.

Huang et al. showed that, for an acoustic metamaterial with mass-in-mass unit cells, the effective mass density can
be negative near the resonance frequency [9]. Nouh et al. experimentally realized acoustic metamaterials using beams and
plates and verified the bandgap and vibration attenuation ability of metamaterials [10]. Raghavan et al. [11] developed a re-
ceptance coupling technique for analyzing flexural wave transmission in a periodic structure and found that stronger inertia
of the resonator could increase the local resonance bandgap width. In addition, for acoustic metamaterials with local res-
onances, sound isolation and vibration suppression [12-15] were explored by using the acoustic and vibration attenuation
characteristics of bandgaps.
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For the above metamaterials with mechanical local resonances, tuning the material performances usually requires modi-
fications of physical structure parameters, which is extremely inconvenient for their application in practical engineering. For
a metamaterial combined with smart materials and the corresponding electric circuits, the effective material properties can
be tuned electrically without changing the structure parameters. Piezoelectric materials play an important role in tuning
and controlling the elastic and acoustic properties of metamaterials. Hagood and von Flotow presented the first theoretical
formulation for piezoelectric shuntings [16]. Based on this, some piezoelectric shunting designs have been presented to im-
prove the acoustic and vibration performances of dynamic structures [17-23]. In addition, several other important results
in this field have been achieved in recent years. Zhou et al. found that the enhanced metadamping phenomenon could
emerge by using a negative-capacitance-enhanced resonant shunt on band structures [24]. Jin et al. [25] proposed a reso-
nant structure of a hard core coated by piezoelectric composite materials as an acoustic metamaterial, in which a negative
effective mass density and elastic modulus are simultaneously achieved and the bandwidth is sensitive to the piezoelectric
constant es3. Chen et al. presented a tunable acoustic metamaterial with double negativity composed of side holes and peri-
odic membranes, the tension and stiffness of which are actively controlled by electromagnets producing additional stresses
[26]. In addition, Airoldi and Ruzzene controlled wave attenuation by placing periodic shunted piezoelectric patches with
resistance-inductance circuits along the beam [27].

For traditional piezoelectric metamaterials, the bandgap width can be increased to some extent by tuning the resis-
tance value in the shunt circuit. However, the vibration attenuation capability decreases considerably [28]. The vibration
attenuation capability is closely related to the strength of piezoelectric coupling of the piezoelectric resonators. For typi-
cal piezoelectric resonators with a thickness electric field (TEF), the effective piezoelectric coupling coefficient is k3;, which
is proportional to the piezoelectric constant ds;. For typical piezoelectric resonators with a lateral electric field (LEF), k33 is
the effective piezoelectric coupling coefficient, which is proportional to the piezoelectric constant ds3. In [29], to realize a
unimorph piezoelectric actuator using the piezoelectric constant dss, a caterpillar-type piezoelectric transducer was bonded
to a metal plate along the polarization direction (ds3) and was shown to exhibit good actuating effectiveness. Piezoelec-
tric materials used for resonators in metamaterials mainly focus on piezoelectric materials from the lead-zirconate-titanate
(PZT) class because of their good dielectric, ferroelectric, piezoelectric, and mechanical properties. For widely used PZT-class
piezoelectric materials, d33 is much higher than d3; [30]. For example, for PZT-5H, ds3 is twice as high as d3;. Therefore,
for widely used PZT-class piezoelectric materials, LEF devices have stronger piezoelectric coupling compared to TEF devices.
LEF metamaterials are thus expected to have better vibration attenuation capability when the resistance value is tuned for
a wider bandgap. This work focuses on piezoelectric metamaterial beams based on the LEF. A piezoelectric unit cell with
an LEF resonator is proposed to improve the resistance-tuning characteristics of metamaterial beams. The effective stiffness
and bandgaps were determined theoretically, and three-dimensional numerical simulations were employed to verify the
theoretical results.

2. Theory

The dynamic behaviors of a locally resonant piezoelectric metamaterial beam with an LEF are considered in this study.
The locally resonant metamaterial beam includes a host beam and a periodic array of shunted piezoelectric transducers, as
shown in Fig. 1(a). Fig. 1(b) shows the traditional piezoelectric unit cell with a TEF, where the z axis is along the direction
of the thickness of the piezoelectric patch. Fig. 1(c) shows the piezoelectric unit cell with an LEF, where the z axis is normal
to the direction of the thickness of the piezoelectric patch.

In this work, the crystal for the LEF configuration is polarized along the length direction, and the crystal for the TEF
configuration is polarized along the thickness direction. Along the width direction, vibrations in the length direction are
uniform. For the unit cell with a TEF, the effective piezoelectric constant is d3;, whereas that for the unit cell with an LEF
is ds3. In this section, Euler-Bernoulli theory is used to analyze the dynamic behaviors of the metamaterial beam, which
behaves as a one-dimensional waveguide that supports the propagation of axial and transverse waves. Based on force and
moment balances, the transverse, w(z,t), and axial, u(z,t), motions of the beam shown in Fig. 1 can be described by the
following differential equations:
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Fig. 1. (a) Metamaterial beam with an array of shunted piezoelectric patches. (b) Unit cell with a TEF. (c) Unit cell with an LEF.

where D(z) and E(z) denote the bending stiffness and axial stiffness of the beam, respectively, B(z) is the coupling item,
and m(z) is the mass per unit area. The four items given above can be expressed as follows:

PoAp,—(lp—Ip) <z=<0,
m(z):{ PyAy+PpAp.0<z<ly, ()
EpAp.—(p—1p)<z=0,
E@)= { EyAp+ES" (0)Ap,0<z=ly, (4)
0,—(ly—Ip)<z=0,
B2) = —Epbyhyhp? 3 | hythp? )
—bob b P B (w)bp | B+ L5 ).0<z<l),
Eb"fz"b3 —(ly—1,)<z=0,
D(2)= ey B @b Gy, ] (6)
bbb+ E 2 O<z=lp,

where « denotes the ratio between the length of the interval with no piezoelectric patch (I, —I,) and the length of the
period (I); h, and hyp are the thicknesses of the host beam and piezoelectric patch, respectively; o, and p, are the densities
of the host beam material and the piezoelectric material, respectively; and b, and b, are the widths of the host beam and
piezoelectric patch, respectively. In addition,A,=hyb;, and Ap=hpbp. Young’s modulus of the shunted patch can be obtained
by using Hagood’s [16] method with the following expression:

k2
su _rD _ 33
Epy'(@)=E; (1 1+ iwCszY (w))’ )

where o is the frequency, Eg is Young’s modulus of the piezoelectric material when the shunting circuit is open, Z%V () is
the electrical impedance of the shunting circuit, Cj is the capacitance of the piezoelectric transducer at constant strain, and
k33 is the piezoelectric coupling coefficient for the unit cell with an LEF.

In our case, for the LEF metamaterials, the aluminum beam and the piezoelectric plate are bonded together through
an electrically insulated bonding layer, similar to the unimorph piezoelectric actuator using piezoelectric constant ds3 [29].
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This can prevent electron transfer from the piezoelectric plate to the metal plate. Therefore, energy transfer between the
piezoelectric plate and the aluminum beam is only embodied in mechanical items.
The coupled system of Eqs. (1) and (2) can be written in matrix form as

d
A@2) T F(@)=L(2)F (). (8)
where A(z) and L(z) are two coefficient matrices and the state vector F(x) is defined as

F(z) = [u,w,w,,,N,M,Q]", (9)

where N,M, and Q are the axis stress resultant, bending moment, and shear force, respectively.
The matrices A in Eq. (8) are defined as follows: for Region I,

E(z) O 0 0 0 O
0 1 0 0O 0 O
| o 0 D 0 0 0]
AD=l o o 0 1 0o of (10)
0 0 0 0o -1 0
L O 0 0 0 o0 1
for Region II,
[E(z) 0 -B(z 0 O O
0 1 0 0O 0 O
_|B@» 0 D 0 0 O
AD=1"0" o 0 1 0 o (1
0 0 0 0 -1 0
L O 0 0 0 0 1
The matrices L in Eq. (8) are defined as follows:
0 0 0 1 0 O
0 0 1 0 0 O
0 0O 0 1 0
L@=| _2m(z) 0 00 0 0 (12)
0 0 0 0 0 1
0 —w*m(z) 0 0 0 O
Eq. (8) can be rewritten as
d
LFO=1F@). (13)
J@ =A"(2)L(2). (14)

z = —«alyBased on the expression for the analytical solution of Eq. (13), the relationship between the physical quantities
for and z = 0 in the unit cell shown in Fig. 1(c) can be obtained as

F(0) = e*shF(—al,), (15)
whereJ;=]J(z), —al, < z < 0. The relationship between the physical quantities for z=0 and z = (1 — )l, is
F[(1—a)ly] = e~ "2F(0), (16)
z = —alywhere J, =J(2),0 < z < (1 — o)l,.Therefore, the physical quantities between and z = (1 — «)l, can be related by
FI(1 — a)ly) |=e*he(0-hlE(—qly). (17)
According to Bloch’s theorem, the wave fields F[(1 — «)I,] and F(—al,) are satisfied by
F[(1 — a)l]=AF(—aly), (18)

where A = e*band k are the wavenumbers.
Comparing Egs. (17) and (18) reveals that the dispersion relationships can be determined by solving the eigensystem
problem given as

el e(-hkE(_gl,) = AF(—aly). (19)
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Table 1
Geometric and material parameters of the shunted piezoelectric beam.

Geometric parameters (mm)

Iy 3.5 I 3.2
hy 2.5 hp 2
by 6.4 by 6.4
Material parameters
Ep 69 GPa Ep 63 GPa Pb 2700 gem 3
Op 7600 kgem 3 Cif 126 GPa CpoF 79.5 GPa
Ci3F 84.1 GPa C33F 117 GPa Cyst 23 GPa
CGGE 23.25 GPa €15 17 C/lTl2 €31 —6.55 C/ITI2
e33 23.3 C/m? d3q —2.74x 10712 d3q 5.93 x 10712
&1’ 1700 &g £33° 1470¢gq £337 3443¢,

10 v : e 60

—— Analytical mode — Analytical mode
------------ Numerical simulation a0t ~ Numerical simulation | |

T

=20+
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(a) TEF (b) LEF

Fig. 2. Normalized effective bending stiffnesses for (a) TEF and (b) LEF metamaterial beams.

3. Effective material parameters

For the analysis of specific cases, an inductance element is used as the shunt circuit. It should be noted that a piezo-
electric transducer acts as a capacitor. An L-C resonant unit is formed by the combination of the piezoelectric capacitance
and inductor shunt. The resonance frequency is determined by a)lzf = 1/2LC[16]. The host beam was made of aluminum. The
piezoelectric material of the transducer was PZT-5H. The geometric and material parameters of the unit cells are listed in
Table 1. For the TEF and LEF unit cells considered in this work, C is 307 and 112 pF, respectively. To obtain a resonance fre-
quency of approximately 5 kHz, L was set to 3300 and 9025 mH for the TEF and LEF unit cells, respectively. The resistance
values were both set to zero.

To obtain the effective bending stiffness, the harmonic rotational angles at the left boundary (z = —«al,) and the right
boundary (z = (1 — «)l,) of the unit cell were set as ¢_prand ¢, respectively. In addition, the transverse displacements at
the two boundaries were set to zero. The longitudinal displacement on the left boundary (z = —«l;,) of the unit cell was
fixed, and the longitudinal force on the right boundary (z = (1 — «)I},) was set to zero, and thus the global reaction bending
moments on the boundaries can be obtained naturally with respect to the rotational center. The effective bending stiffness
D,sy of the metamaterial beam can be obtained using

e 2¢p/ly

where M[z = (1 — «)l,] denotes the global reaction bending moment calculated at the right boundary.

The normalized effective bending stiffnesses D, /Dy, where Dy, is the bending stiffness of the host beam, were calculated
analytically and verified based on numerical simulations using COMSOL over the frequencies of interest. The geometric and
material parameters were set according to Table 1. The geometric and boundary conditions are the same in the analytical
model and in the COMSOL simulation. Fig. 2 shows the calculated effective bending stiffness values. Owing to the out-of-
phase motions of the resonator and host beam, negative effective bending stiffnesses emerge in the shaded areas, which
represent the bandgaps. The analytical results are in good agreement with the numerical simulation results. This verifies the
validity of the effective stiffness calculations in the analytical model. Figs. 2(a) and 2(b) show that the bandgap widths for
the TEF and LEF metamaterial beams are nearly 0.21 and 0.47 kHz, respectively.

(20)
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Fig. 3. Unit cells with shunted piezoelectric patches and R-L circuits: (a) TEF; (b) LEF.
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Fig. 4. Normalized effective bending stiffnesses for LEF metamaterial beams with a shunting resistance of 2.8 k2 and an inductance of 9025 mH.

4. Tuning characteristics

Unit cells with shunted piezoelectric patches and R-L circuits were considered in TEF and LEF metamaterial beams, as
shown in Fig. 3.

When a large resistor is included in the shunting circuit, the consistency of the effective bending stiffness from the
analytical model and numerical simulation was further checked. Fig. 4 shows the normalized effective bending stiffnesses for
LEF metamaterial beams with a shunting resistance of 2.8 k2 and an inductance of 9025 mH. The resonance frequency from

the numerical simulation result is 5.196 kHz. According to fs = m%ﬂ the capacitance of the actuator from the numerical

simulation is 106 pF. The results of the resonance frequency and capacitance are close to those from the analytical model,
namely, 5.213 kHz and 105.4 pF.

In addition, Fig. 4 shows that the normalized effective bending stiffness values for LEF metamaterial beams obtained by
the finite element model approximately agree with the theoretical results when a large resistor is included in the shunting
circuit.

The normalized effective bending stiffness D,f/Dpas functions of both the frequency and inductance values are quanti-
tatively illustrated for the TEF and LEF metamaterial beams in Figs. 5(a) and 5(b), respectively. In this case, the resistance
values R; and R, were both set to 100 2. It can be seen that, for both the TEF and LEF metamaterial beams, the region of
negative normalized effective bending stiffness is primarily sensitive to the inductance value. The tunable frequency bands
for bending wave attenuations in the metamaterial beam controlled by different inductances are examined based on the
theoretical results of the dispersion curves, which are obtained using Eq. (19). The results are shown in Figs. 5(c) and 5(d),
where frequencyy and frequency; are the high and low boundary frequencies of the bandgap, respectively. The central
frequency decreases with increasing inductance; however, the bandgap width is nearly unaffected because the central fre-
quency of the bandgap is primarily determined by the L-C resonance frequency. The trends of the bandgaps shown in Figs.
5(c) and 5(d) are in good agreement with those of the normalized effective bending stiffness shown in Figs. 5(a) and 5(b),
respectively.

The normalized effective bending stiffness values as functions of both the frequency and resistance values are quantita-
tively illustrated in Figs. 6(a) and 6(b). To obtain a resonance frequency of approximately 5 kHz, L; and L, were set to 3300
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Fig. 5. Tuning characteristics of the TEF and LEF metamaterial beams with different inductance values. (a) and (b) Normalized effective bending stiffnesses
(Dege/Dy) as functions of both frequency and inductance value for TEF and LEF, respectively, where the unit of the normalized effective bending stiffnesses
(Deff/Dp) is 1. (c) and (d) Relationships between the frequency bands for bending wave attenuation and the inductance values based on the theoreti-
cal results of dispersion curves obtained by using Eq. (19) for TEF and LEF, respectively; frequencyy and frequency, denote the high and low boundary
frequencies of the bandgap, respectively.

and 9025 mH for the TEF and LEF unit cells, respectively. For both TEF and LEF metamaterial beams, the region of negative
normalized effective bending stiffness is primarily influenced by the resistance value. Figs. 6(c) and 6(d) show the relation-
ships between the frequency bands for bending wave attenuation and the resistance values based on the theoretical results
of the dispersion curves for the TEF and LEF unit cells, respectively, which are obtained by using Eq. (19). The trends in the
normalized effective bending stiffness shown in Figs. 6(a) and 6(b) agree well with those of the bandgaps shown in Figs. 6(c)
and 6(d), respectively. As the value of the resistance increases, the bandgap width increases continuously. Electrical damp-
ing increases as the resistance value increases, thereby resulting in greater vibration damping as a result of the piezoelectric
effect. Namely, the metadamping of the locally resonant metamaterial beam increases as the resistance value increases,
thereby leading to a decrease in the quality factor (Q factor) for the resonance, and thus the bandgap width becomes larger.
For metamaterials with piezoelectric shuntings, when the resistance value increases, the bandgap will be broadened, but
the vibration attenuation ability will be weakened. The aim here is to assess the resistance-tuning characteristic rationally,
namely, to compare the decreasing degree of the vibration attenuation ability when the increase extents of the bandgaps
of LEF and TEF are the same. Here, the vibration attenuation abilities of TEF and LEF metamaterial beams are compared
when the bandgaps increase to two times of those for R=0. For the TEF, when R increased from 0 to 0.8 k<2, the bandgap
doubled, as shown in Fig. 6(c). For the LEF, when R increased from 0 to 20 k2, the bandgap doubled, as shown in Fig. 6(d).
Therefore, two resistance values were selected to assess the resistance-tuning characteristics of TEF and LEF metamaterials.
The transmission curves obtained by COMSOL simulations of the TEF metamaterial beam for R=0 and 0.8 k2 are shown in
Figs. 6(e) and 6(f), respectively. The results show that, as the R value increased from 0 to 0.8 k€2, the Q factor changed from
128 to 6, and wave attenuation became weaker obviously (the transmission value increased from 0.018 to 0.67). In addition,
the transmission curves for R=0 and 20 k2 are shown for the LEF metamaterial beam in Figs. 6(g) and 6(h), respectively.
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Fig. 6. Tuning characteristics of the TEF and LEF metamaterial beams with different resistance values. (a) and (b) Normalized effective bending stiffnesses
(Deff/Dyp) as functions of both frequency and resistance value for TEF and LEF, respectively, where the unit of the normalized effective bending stiffnesses
(Dege/Dy) is 1. (c) and (d) Relationships between the frequency bands for bending wave attenuation and the resistance values based on the theoretical
results of dispersion curves obtained by using Eq. (19) for TEF and LEF metamaterial beams, respectively. (e) and (f) Transmission curves obtained for the
TEF metamaterial beam when R=0 and 0.8 k2, respectively. (g) and (h) Transmission curves obtained for the LEF metamaterial beam when R=0 and 20
k2, respectively.

As the R value increased from 0 to 20 k€2, the Q factor changed from 20 to 5, and wave attenuation changed less (the
transmission value changed little from 0.016 to 0.17).

It can be seen that the Q factor of the transmission curve for R=20 k2 is not notably lower than that for R= 0. Therefore,
with an increased resistance value, the LEF metamaterial beam can still obtain good wave attenuation characteristics (a
transmission of 0.17) when the bandgap is approximately twice that for R=0. For the TEF metamaterial beam, when the
bandgap is approximately twice that for R=0, the wave attenuation characteristic becomes worse obviously (a transmission
of 0.67). The main reason for this phenomenon is that the piezoelectric shunting of the LEF metamaterial beam is with
stronger piezoelectric coupling, which results in its stronger vibration attenuation capability.
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To describe the influences of ds33/d3; on the vibration characteristics of LEF metamaterial beams, Fig. 7(a) shows the
relationship between the bandgap and the value of ds33/ds;. Fig. 7(b) shows the relationship between the transmission and
the value of d33/ds;. In this case, R=20 k2 and L, =9025 mH. In addition to ds3, the geometric and material parameters
of the unit cells were set to those listed in Table 1. The figures show that, with increasing ds3/ds;, the bandgap becomes
wider, while the transmission decreases; that is, the vibration attenuation depth becomes greater.

The influence of the length of the piezoelectric plate on the vibration characteristics of LEF metamaterial beams was
also examined. B =Ip/l, was used to describe the relative length of the piezoelectric plate (where [yis the length of the
piezoelectric plate in the LEF unit cell, and [, is the length of the metal beam in the LEF unit cell). In this case, R=20
k2 and L, =9025 mH. In addition to the length of the piezoelectric plate, I, the geometric and material parameters of the
unit cells were set to those listed in Table 1. Fig. 8(a) shows the relationship between the bandgap and the value of j,
and Fig. 8(b) shows the relationship between the transmission and the value of 8. The figures show that, with increasing
B, the bandgap increases significantly, while the transmission decreases; that is, the vibration attenuation depth becomes
greater. When the value of 8 is larger than 0.88, the bandgap and the transmission hardly change. This suggests that there
exists a threshold value of B. To obtain good vibration attenuation characteristics, 8 must be larger than this threshold
value. The main mechanism is that, with a larger relative length of the piezoelectric plate, the piezoelectric actuator can
obtain stronger local resonances, and thus its regulating ability is more obvious. Consequently, better vibration attenuation
characteristics can be obtained. When the relative length of the piezoelectric plate is sufficiently large, the regulating ability
no longer increases obviously.

The resistance and inductance together create a complex electrical impedance for the resonant shunt. The combination
of the inductance and the capacitance of the piezoelectric patch produces an electrical oscillator, which is similar to a mass—
spring mechanical resonance unit generating a mechanical oscillation. For TEF resonators, when the resistance increases, the
resonance strength decreases, and the resulting vibration attenuation capability is notably weakened. The vibration atten-
uation capability is closely related to the strength of the piezoelectric coupling of the resonators. Because LEF resonators
exhibit stronger piezoelectric coupling and resonance capability, when resonance occurs, the extra transferred energy of LEF
resonators compared with TEF resonators is reflected in the greater vibration attenuation depth when the increasing degree
of the bandgap width of the two cases are similar. In other words, for LEF resonators, the stronger piezoelectric coupling
induced that the decreasing degree of the resonance strength is lower than that of TEF resonators when the resistance in-
creases. This phenomenon indicates that the mechanical vibration attenuation ability of LEF resonators is not significantly
weakened by the increase in the resistance. Therefore, the proposed LEF metamaterial beam could maintain better vibration
attenuation properties when the bandgap width is broadened by increasing the resistance value compared with the TEF
metamaterial beam.
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5. Conclusion

In this study, a piezoelectric unit cell with an LEF is proposed to improve the resistance-tuning characteristics of a meta-
material beam. The effective stiffness and bandgaps were calculated by a theoretical method and verified by numerical
simulations. The results show that, compared with the traditional TEF metamaterial beam, the LEF metamaterial beam can
obtain better resistance-tuning and vibration attenuation characteristics. LEF resonators have a stronger piezoelectric cou-
pling compared to TEF resonators. As a result, the decreasing degree of the resonance strength is lower than that of the TEF
resonators when the resistance increases. This phenomenon indicates that the mechanical vibration attenuation ability of
LEF resonators is not significantly weakened by the increase in the resistance. Therefore, compared with the traditional TEF
metamaterial beam, the proposed LEF metamaterial beam could maintain better vibration attenuation properties when the
bandgap width is broadened by tuning the resistance value.
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