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In this paper, we demonstrate the consequence of using different equivalent models to rep-
resent a lattice system consisting of mass-in-mass units and why negative mass is needed
in the equivalent model. Dispersive wave propagation in the lattice system is studied and
compared to various equivalent models. It is found that, if the classical elastic continuum is
used to represent the original mass-in-mass lattice system, the effective mass density
becomes frequency dependent and may become negative for frequencies near the reso-
nance frequency of the internal mass. In contrast, if a multi-displacement microstructure
continuum model is used to represent the mass-in-mass lattice system, the dispersive
behavior of wave propagation and the band gap structure can be adequately described.
However, while the acoustic mode is accurately described by the microstructure contin-
uum model, the description of the optical mode is accurate only for a limited frequency
range.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Recently, the subject of left-handed metamaterials has attracted much attention of researchers. The idea of metamaterials
with negative properties traces back to 1968 when Veselago [1] postulated a theory for possible materials having negative
electric permittivity (e) and magnetic permeability (l), and hence resulting in a negative refractive index. However, this con-
cept did not stimulate much interest among researchers at that time. In 2000, Pendry [2] first proposed the theoretical pos-
sibility of making left-handed electromagnetic metamaterials. Since then, many researchers have been engaged in exploring
negative index metamaterials with various potentially novel applications [3].

Motivated by the mathematical analogy between acoustic and electromagnetic waves, some researchers have attempted
to find the counterpart left-handed acoustic metamaterials. Basically, it is to find metamaterials that possess negative mass
density and negative modulus [4–8]. However, in contrast to the natural negative electric permittivity, no natural material
has been found to possess negative mass density or negative modulus. Ever since the investigation on locally resonant acous-
tic materials [9], some new developments have further been theoretically attempted and shown that metamaterials with
certain manmade microstructures may exhibit negative mass/mass density if treated as a classical elastic solid [10,11]. Re-
cently, Lazarov and Jensen [12] have studied the wave propagation on a locally resonant lattice model which was originally
introduced by Vincent [13] for use as a possible mechanical filter. Yao et al. [14] have conducted experiments using a 1D
spring-mass system to demonstrate the effect of the negative effective mass on the dynamic transmission in the spring-mass
system. In short, the frequency region in connection with negative mass creates a band gap effect.

There is no actual negative mass/mass density in real materials indeed. The negative effective mass/mass density is the
result of inaccurate modeling of acoustic metamaterials. In the present study, we consider a one-dimensional lattice consist-
ing of lattice masses each of which contains an internal mass. This simple lattice system is employed to illustrate how the
. All rights reserved.
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negative effective mass could occur and what effects it has on wave propagation in the lattice system. We also show that the
conventional continuum theory is not adequate in describing the micromotion in this system and a so-called Cosserat type of
microstructure continuum model [15–17] is more suitable to represent the lattice system. From the framework of the micro-
structure continuum representation of acoustic metamaterials, no negative mass density is present while the band gap struc-
ture is accurately described.

2. Negative effective mass in lattice

Chan et al. [8] as well as Milton and Willis [11] had employed a one-dimensional model to introduce the negative effec-
tive mass effect. Both of their model was based on those of Sheng et al. [18] and Liu et al. [10]. A similar mass-in-mass unit is
shown in Fig. 1. If it is to be represented by a single mass, then the effective mass must be defined in order that the effective
mass meff would produce the same motion of m1. In other words, the identity of the internal mass m2would be ignored and its
effect would be absorbed by the introduction of an effective mass meff as depicted in Fig. 1. Solving the equations of motion
for these two dynamically equivalent units subjected to a sinusoidal force of amplitude F̂, we readily obtain the displacement
amplitude û1 so that
û1 ¼ �
F̂

meff x2 ð1Þ
where
meff ¼ m1 þ
m2x2

0

x2
0 �x2

ð2Þ
represents the effective mass and x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2=m2

p
is the local resonance frequency of m2. The expression above indicates that

the effective mass is a function of ðx2
0 �x2Þ�1 and is highly dependent of the local resonance frequency x0. It is evident that,

when the forcing frequency x approaches x0 from above, the effective mass becomes negative. In fact, the magnitude of the
effective mass would become unbounded at the frequency x0. It is of interest to note that, if the mass becomes negative, the
acceleration would be in the opposite direction to the applied force according to the Newton’s second law of motion, and the
response amplitude would be reduced. This effect is greatly magnified as the input frequency approaches the local resonance
frequency. Moreover, it is clear that the negativity of the effective mass is the result of our attempt to use a single mass to
represent a two-mass system.

For wave transmission, we consider an infinitely long one-dimensional lattice system consisting of mass-in-mass lattice
points as shown in Fig. 2, which resembles those of Chan et al. [8] as well as Milton and Willis [11]. Apparently, this lattice
system is constructed by connecting the unit cells of Fig. 1 with linear springs. The unit-cells are placed periodically at a
spacing of L. Harmonic wave propagation in the mass-in-mass lattice system is considered. The equations of motion for
the j-th unit cell are
mðjÞ1
d2uðjÞ1

dt2 þ k1ð2uðjÞ1 � uðj�1Þ
1 � uðjþ1Þ

1 Þ þ k2ðuðjÞ1 � uðjÞ2 Þ ¼ 0 ð3Þ

mðjÞ2
d2uðjÞ2

dt2 þ k2ðuðjÞ2 � uðjÞ1 Þ ¼ 0 ð4Þ
Fig. 1. Single spring-mass system and its effective single mass model.

Fig. 2. Infinite mass-in-mass lattice structure.
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where uðjÞc represents the displacement of mass ‘‘c” in the j-th cell. The harmonic wave solution for the (j + n)th unit cell is
expressed in the form
uðjþnÞ
c ¼ BceiðqxþnqL�xtÞ ð5Þ
where Bc is complex wave amplitude, q is wave number, x is angular frequency, and c = 1 and 2. The substitution of Eq. (5) in
Eqs. (3) and (4) yields two homogeneous equations for B1 and B2 from which the dispersion equation is obtained as
m1m2x4 � ½ðm1 þm2Þk2 þ 2m2k1ð1� cosðqLÞÞ�x2 þ 2k1k2ð1� cosðqLÞÞ ¼ 0 ð6Þ
Two branches of the band structure can be obtained according to Eq. (6). Fig. 3 shows the dispersion curves for a specific set
of material constants:
m2=m1 ¼ 9; k2=k1 ¼ 0:1; and x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2=m2

q
¼ 149:07 rad=s ð¼ 23:73 HzÞ ð7Þ
Comparing this result with that of the typical diatomic lattice model (for example, Kelvin’s model cited by Brillouin [19]),
some differences are observed. First, the dispersion curve of the optical mode according to the present model concaves
up, while according to the Kelvin’s model it concaves down. Second, the range of the passing band in the optical mode pre-
dicted by the current model is significantly wider than that for the Kelvin’s model.

In Fig. 4, we plot the dimensionless wave number with respect to wave frequency. The result gives the wave number a
complex number and is plotted in the form of qL = a + ib, where a and b are the dotted and solid lines, respectively. Note that
the displacements in Eq. (5) are function of eiqx. Substituting qL = a + ib into (5) yields
uc / eiðaþibÞðx=LÞ ¼ e�bðx=LÞeiaðx=LÞ ð8Þ
The amplitude of the displacement is proportional to e�b(x/L), and, thus, the displacement decays spatially as an exponential
function if the attenuation factor b is positive. Of particular interest is that when wave frequency approaches the local res-
onance frequency x0, the attenuation factor b theoretically becomes unbounded. In other words, the spatial wave attenua-
tion effect is maximized by the local resonance. The same conclusion has also been reached by Lazarov and Jensen [12].

Next, consider an effective monatomic lattice system in which only effective masses meff are connected by springs with
spring constant k1. For this homogeneous lattice system the dispersion equation is readily obtained as
x2 ¼ 2k1ð1� cosðqLÞÞ
meff

ð9Þ
If this effective monatomic lattice system is equivalent to the original mass-in-mass lattice system, then the dispersion
curves of the two systems must be identical. In other words, in Eq. (9) the effective mass meff must be selected so that
the relation between x and qL is same as that for the original mass-in-mass system. This requirement is used to determine
the effective mass. We obtain
meff ¼ mst þ
m2ðx=x0Þ2

1� ðx=x0Þ2
ð10Þ
where mst = m1 + m2. For the material constants given in (7), the dimensionless effective mass meff/mst is plotted in Fig. 5 as
a function of x/x0. Negative effective mass is seen to occur near the local resonance frequency x0. Besides, at the long
Fig. 3. Nondimensionalized dispersion curve for the mass-in-mass lattice model.



Fig. 5. Dimensionless effective mass meff/mst as a function of x/x0.

Fig. 4. Attenuation factor as a function of dimensionless frequency x/x0.
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wavelength limit (x ? 0), the effective mass meff approaches mst as expected. Since both k1 and x2 are positive in (9), neg-
ative effective mass is possible only when 1 � cos(qL) turns negative, i.e., the dimensionless wave number qL is complex.
Hence, frequencies corresponding to negative mass lie in the stopping band. In other words, a negative effective mass in
the equivalent mass-spring lattice system yields spatial attenuation in wave amplitude.

In summary, we have shown that, to use a monatomic lattice system to represent the mass-in-mass lattice system, the
effective single mass in the equivalent system must be frequency dependent and allowed to become negative.

3. Continuum representation of the mass-in-mass system

For a more efficient description of general motions/deformations, materials composed of periodic microstructures are of-
ten modeled as homogeneous continuous media. In this section, we investigate the difference resulting from using the clas-
sical elastic solid and a microstructure continuum to represent, respectively, the 1D mass-in-mass lattice system.

3.1. Representation by a classical elastic solid

The mass-in-mass and the equivalent monatomic lattice models considered in Section 2 are discrete systems. The clas-
sical continuum theory cannot directly represent the original mass-in-mass system because of the additional degree of free-
dom of the internal mass m2. However, the equivalent monatomic lattice system with effective mass meff can be represented
by a one-dimensional elastic solid with a unit cross-sectional area. The effective Young’s modulus Eeff is determined by con-
sidering the static stress-strain relation of a unit cell. We have
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Eeff ¼ Lk1 ð11Þ
The equation of motion of the one-dimensional elastic solid is
Eeff
o2u
ox2 ¼ qeff

o2u
ot2 ð12Þ
in which qeff is the effective mass density. For classical elastic solids, both the Young’s modulus and mass density are con-
stants and wave propagation in these solids is not dispersive. Assuming a harmonic wave solution u = B * ei(qx�xt) for Eq. (12),
we obtain
x2 ¼ k1

qeff L
ðqLÞ2 ð13Þ
In order to make the continuum model equivalent to the mass-in-mass system, the effective mass density qeff is chosen to be
a function of frequency x so that the relation between frequency and wave number (qL) obtained from Eq. (13) matches that
from Eq. (6) for the original mass-in-mass system. Denoting h = m2/m1, d = k2/k1, x2

0 ¼ k2=m2, and the static mass density
qst = (m1 + m2)/L, we derive the dimensionless mass density qeff/qst as
qeff

qst
¼ h

dð1þ hÞðx=x0Þ2
cos�1 1� d

2h
ðx=x0Þ2½ðx=x0Þ2 � ð1þ hÞ�

ðx=x0Þ2 � 1

( )( )2

ð14Þ
The frequency dependent mass density therefore can be calculated for any given frequency. Again, it can be shown numer-
ically that negative effective mass density occurs near the local resonance frequency. In fact, it is noted that the dimension-
less effective mass density qeff/qst and the dimensionless effective mass presented in Fig. 5, although derived from two
different models, are nearly identical.

3.2. Microstructure continuum model

The classical continuum theory is not adequate for describing the deformation of materials with microstructures if local
deformation/motion in the microstructure is desired [16,17]. Microstructure continuum theories which employ additional
kinematic variables are more suitable to represent the mass-in-mass system. In this study, we introduce a microstructure
continuum model in the form of multiple displacement variables. For simplicity, we still consider the one-dimensional
mass-in-mass lattice for illustrating the development of an approximate microstructure continuum that can be used to de-
scribe the motion/deformation of the lattice system.

Consider the unit cell in the mass-in-mass lattice as shown in Fig. 6. During a general motion, the deformation and kinetic
energies in the unit cell are
W ðjÞ ¼ 1
2
½k1ðuðjþ1Þ

1 � uðjÞ1 Þ
2 þ k2ðuðjÞ2 � uðjÞ1 Þ

2� ð15Þ
and
TðjÞ ¼ 1
2
½m1ð _uðjÞ1 Þ

2 þm2ð _uðjÞ2 Þ
2�; ð16Þ
respectively.
Let u1(x) and u2(x) be continuous functions which give the displacements of all m1 and m2 mass points, respectively. Using

a two-term Taylor series expansion, we have
uðjþ1Þ
1 ¼ u1ðxþ LÞ ¼ u1ðxÞ þ

ou1

ox
L ¼ uðjÞ1 þ

ou1

ox
L ð17Þ
Note that the technique of expansion in (17) has been discussed in detail by Kunin [20]. Apparently, better approximation can
be achieved if more terms are retained in the expansion. Using this technique Kunin transforms a discrete system into a quasi-
continuum. However, in the present study we use the two-term Taylor series expansion to transform the lattice system into a
nonclassical continuum which is able to closely account for most of the characteristics of the original discrete model.
Fig. 6. Definition of variables for microstructure continuum model.
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Let the one-dimensional equivalent continuum have a unit cross-sectional area. The deformation and kinetic energy den-
sities for the equivalent continuum are obtained, respectively, from (15) and (16) as
Fig. 7.
mode a
W ¼ 1
2L

k1
ou1

ox
L

� �2

þ k2ðu2 � u1Þ2
" #

ð18Þ

T ¼ 1
2L
½m1ð _u1Þ2 þm2ð _u2Þ2� ð19Þ
In deriving the equations above, the relation of (17) has been used.
The deformation energy density given by Eq. (18) can be used to establish the constitutive relations for the multi-dis-

placement continuum model. We define normal strain e = ou1/ox and relative strain eR = (u2 � u1)/L, then the deformation en-
ergy density W can be expressed solely in terms of the two strains. Subsequently, the Cauchy stress and relative stress are
introduced by
r ¼ oW
oe
¼ k1Le ð20Þ
and
rR ¼
oW
oeR
¼ k2LeR; ð21Þ
respectively. Eqs. (20) and (21) are the constitutive equations of the multi-displacement continuum model.
The final step to complete the continuum modeling is to derive the equations of motion using the Hamilton’s principle
d
Z t1

t0

Z
V
ðT �WÞdVdt þ

Z t1

t0

Z
S

TiduidAdt ¼ 0 ð22Þ
We obtain
m1€u1 � k1L2 o2u1

ox2 þ k2ðu1 � u2Þ ¼ 0 ð23Þ

m2€u2 þ k2ðu2 � u1Þ ¼ 0 ð24Þ
The equations of motion above are partial differential equations at a point in the equivalent continuum and can be solved in
the usual way. It is noted that in the multi-displacement continuum model, the degrees of freedom of the two masses are
separately accounted for with the kinematic variable u1 and u2, respectively, and, thus, there is no need to use an effective
mass in the model and the possibility of frequency dependent and negative effective mass is avoided.

3.3. Evaluation of the multi-displacement continuum model

It should be pointed out that, in deriving the multi-displacement continuum model, the only approximation made is the
truncation of the Taylor expansion in Eq. (17). To evaluate the accuracy of the representation of the mass-in-mass system by
the multi-displacement continuum model, we consider harmonic wave propagation of the form
Dispersion curve obtained from the multi-displacement continuum model compared with that from the mass-in-mass lattice model; (a) acoustical
nd (b) optical mode.



Fig. 8. Attenuation factor as a function of frequency for the multi-displacement continuum model compared with that for the lattice model.
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uc ¼ Bceiðqx�xtÞ ; c ¼ 1;2 ð25Þ
Substituting the expressions in the equations of motion Eq. (23) and (24), we obtain the dispersion equation as
m1m2x4 � ½ðm1 þm2Þk2 þm2k1ðqLÞ2�x2 þ k1k2ðqLÞ2 ¼ 0 ð26Þ
In order to obtain a comprehensive comparison of the multi-displacement continuum model with the exact model over a
wide range of frequencies, the dispersion curves are plotted in Fig. 7 using the material data of Eq. (7). It is evident that
the multi-displacement continuum model describes the mass-in-mass system very well especially for the acoustical mode.
As for the optical mode, the accuracy is fairly accurate up to qL = p/2. In view of the relation q = 2p/wavelength, we conclude
that the multi-displacement continuum model is accurate for wavelengths greater than four times the lattice spacing (L) for
the optical mode. Of interest to note is the close agreement between two solutions for attenuation factor b as shown in Fig. 8.
This implies that the multi-displacement continuum model can also capture the characteristic mechanical phenomena of the
original mass-in-mass lattice without the use of negative mass density over a wide frequency range including both passing
and stopping bands.

4. Conclusion

From the study of wave propagation in a one-dimensional lattice system consisting of mass-in-mass units, it was found
that near the local resonance frequency of the internal mass, spatial decay of wave amplitude occurs. If the lattice is modeled
as a system of single mass units, the effective mass of the unit becomes negative for frequencies near the local resonance
frequency. A similar phenomenon(negative mass density) exists if the lattice system is modeled as a classical elastic solid.
Moreover, the effective mass density of the equivalent elastic solid is frequency dependent and has to be derived from the
exact dispersion equation of the original lattice system. In contrast, the multi-displacement microstructure continuum mod-
el is able to capture the dynamic response of the mass-in-mass lattice system including the band gap structure without
resorting to the use of the effective mass/mass density. In other words, no negative effective mass density occurs in the
microstructure model. However, while the microstructure model predicts the acoustic mode accurately, the accuracy in pre-
dicting the optical mode is good only in a limited frequency range.
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