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Abstract The presentwork proposes a novelmodified smoothed finite elementmethod (M-SFEM) to calculate
the band structures of two-dimensional in-plane elastic waves in phononic crystals (PCs). Using the gradient
smoothing technique over the cell-based smoothing domains, the cell-based gradient smoothing operation can
offer ‘proper softening effects’ in SFEM modeling. According to the generalized integration rules, by simply
shifting integration points to an unconventional location in the mass matrix, the accuracy of the M-SFEM
model can be further improved. Numerical examples are presented for PCs using the proposed method for
the computation of band gap (BG) frequency regions. The accuracy and efficiency of the modified SFEM
are compared with those of the corresponding FEM and SFEM. The advantages of the modified SFEM
for computing the BGs in PCs are discussed as compared to the conventional FEM. The results show the
performance improvement of the M-SFEM compared to the FEM and SFEM.

1 Introduction

In recent years, phononic crystals (PCs) composed of two or more materials with contrasting mechanical
properties have received considerable attention because of their unique and useful dynamic properties [1]. The
most interesting property of PCs is the existence of band gaps (BGs) where the propagation of elastic/acoustic
waves is prohibited over certain frequency regions. This means that PCs can designate the pass band or band
gap frequency ranges in their elastic/acoustic wave transmission spectrum, which leads to an array of potential
engineering applications such as vibration isolation and mechanical filters [2,3].

There are two theories to explain the formation mechanism of band gaps in PCs. The traditional theory
is based on Bragg scattering where previous research has used mechanical lattice structures to determine the
band gaps in PCs [4]. In this situation, the propagating wavelength must be comparable to the crystal lattice
constant to create the BGs induced by the Bragg scattering effect. Owing to the demand of the lattice constant,
the low-frequency waves would be needed to control for the superstructures [5–8]. This limitation makes the
utilization of PCs unrealistic formost practical engineering applicationswhere low-frequencywave attenuation
is needed.

The second BG formation mechanism first demonstrated experimentally by Liu et al. [9] is based on the
local resonance mechanism which allows for a negative effective mass near the local resonance frequency.
Based on this BG formation mechanism, an array of PCs has been presented with unique dynamic properties
not found in naturally occurring materials [10–14]. The locally resonant microstructures have to be carefully
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designed based on the specific application; hence, the accurate modeling of the phononic band gaps is an
important tool for a broad range of research fields.

To obtain the band structure in PCs [15], different methods, including theoretical and numerical methods,
have been developed to calculate the phononic band gaps. The plane wave expansion method (PWE) [16,17]
and finite difference time domain method (FDTD) [18,19] have been used to analyze the physical behavior
of phononic band gaps. However, the PWE may have difficulties in simulating PCs with highly contrasting
elastic properties [20]. Similarly, the weak point of the FDTD method is the treatment of boundaries with
complicated structures. There are also numerous other methods such as the multiple scattering theory (MST)
method [21], the finite element method (FEM) [22–24], the Dirichlet-to-Neumann map method [25], the
boundary element method (BEM) [26,27], and the local radial basis function (RBF) collocation [28–30]. Each
of these methods possesses strengths and weaknesses. The MST and the Dirichlet-to-Neumann map methods
are only appropriate for circular or spherical scatterers. The BEM involves a singular problem which limits its
applications, especially in three-dimensional (3D) cases. Nowadays, FEM is becoming popular for analysis
of increasingly complex PCs with arbitrarily shaped scatterers. However, the boundary conditions on the
interfaces need many elements, and the dispersion error is a critical issue in current FEM analysis, especially
in high-frequency domains, which leads to poor accuracy for the analysis in PCs.

In our opinion, the accuracy of FEM depends on the matching state of the discretized system [31], such
as the “stiffness system”, “damped system” and “mass system”. To obtain the proper stiffness and mass in
a discrete model, some researchers have investigated a range of techniques to produce a properly ‘softened’
stiffness or match the state of the discretized system in the FEMmodel. Some techniques to reduce dispersion
error by modifying the mass and stiffness matrices have been previously proposed [32,33]. Guddati et al.
[34] studied the generalized integration rules (GIR) in bilinear rectangular elements by shifting the integration
points’ locations for acoustic problems, viz. a simple shift of the integration points to unconventional locations
of (±√

2/3, ±√
2/3). This results in a second-order higher accuracy with respect to the dispersion error as

compared to the conventional integration scheme. Furthermore, Li et al. [35] presented an alpha finite element
method (α-FEM) which was formulated to study the propagation of elastic waves in periodic crystals and
demonstrated that α-FEM can consider more realistic stiffness and mass parameters in the analysis of PCs as
compared to the FEM. He et al. [36] studied an edge-based gradient smoothed technique to soften the “over-
stiff” FEM model and present a modified edge-based smoothed finite element method (modified ES-FEM)
to compute the BG in acoustic metamaterials. It was shown that the modified ES-FEM is very effective to
minimize the dispersion errors of the BGs for acoustic metamaterials.

As the gradient smoothing technique has been shown to be effective to improve the property of stiffness
matrices [36–38], the smoothed finite element method (SFEM) [39–41] was proposed to solve mechanical and
acoustic problems with the gradient smoothing technique applied over the cell-based smoothing domains. The
cell-based gradient smoothing operation can supply ‘proper softening effects’ to the FEMmodel, and so allow
the SFEM model to provide much more accurate results in analysis of vibration and acoustic problem [42].
However, SFEM has not yet been applied to the computation of band structures for elastic waves propagating
in two-dimensional (2D) PCs.

Motivated by the advantages ofGIR and cell-based gradient smoothing operations, in this work, we propose
a modified SFEM in cooperation with the unconventional location of (±√

2/3, ±√
2/3) for mass integration.

By shifting integration points to an unconventional location of (±√
2/3, ±√

2/3) in the mass matrix, the
accuracy of the modified SFEM model should be further improved as compared to the model of SFEM and
FEM, respectively. Numerical examples will be presented for the computation of dispersion bands in PCs by
using the present method. To perform the accuracy and efficiency, the results obtained by FEM and SFEM are
also present with compared to the modified SFEM. The strong points of modified SFEM for computing the
BGs in PCs are also discussed as compared to the conventional FEM.

The paper is structured as follows. Section 2 briefly introduces the elastic waves in the PCs. Section 3
presents the idea and formulation of the modified SFEM for calculation of dispersion band in PCs. Numerical
comparisons are made for the calculation of dispersions bands in PCs in Sect. 4. Finally, a summary and
concluding remarks are made in the last section.

2 Band gaps in 2D phononic crystals

A schematic picture of a 2D PC is shown in Fig. 1. It is composed of a square array of straight and infinite
quadrangular with a lattice constant denoted as a. Assuming an elastic wave propagating in the isotropicmedia,
the governing equation can be written as
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Fig. 1 The considered PCs model a the square lattice b corresponding square unit cell

∂σi1

∂x1
+ ∂σi2

∂x2
+ ∂σi3

∂x3
+ Fi = ρ

∂2ui
∂t2

, (1)

where σ is the stress, u is the displacement, ρ means the density, and F is the body force. According to Hooke’s
law, the relationship between the stress σ and the strain ε is expressed as

σ = Dε, (2)

whereD is thematrix ofmaterial constants.Assume the problem is plane strain problemand interface continuity
between the different materials, for the 2D problem (xy-plane); it can be expressed with shear λ and bulk
modulus μ as

D =
⎡
⎣

λ + 2μ λ 0
λ λ+2μ 0
0 0 μ

⎤
⎦ , (3)

where the first and second Lamé constants are given by λ = υE
(1+υ)(1−2υ)

; μ = E
2(1+υ)

respectively. The stress

and strain vectors can be defined as σ = {
σx , σy, τxy

}
; ε = {

εx , εy, γxy
}
. According to the relationship in

linear deformation, the strain can be expressed as

εx = ∂ux
∂x

, εy = ∂uy

∂y
, γxy = 1

2

(
∂ux
∂y

+ ∂uy

∂x

)
. (4)

Substituting Eq. (4) into Eq. (2) yields

σx = (λ + 2μ)εx + λεy, σy = (λ + 2μ)εy + λεx , τxy = μγxy . (5)

Assuming the body force F zero, substituting Eqs. (2–5) into Eq. (1) yields

(λ + μ)∇(∇.u) + μ∇2u = ρü, (6)

where u = u0 sin(ωt), ω is the angular frequency, then Eq. (6) can be defined in the frequency domain as

(λ+μ)∇(∇.u0) + μ∇2u0 + ρω2u0 = 0. (7)

Using standard Galerkin procedure with quadrilateral element, the discretized system equations over the entire
domain can be expressed in matrix form as

(K − ω2M)u = 0, (8)
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Fig. 2 The unit cell for a 2D periodic structure and illustration of boundary condition

where thematricesM denotes the assembled global mass matrix of the unit cell, whileK is the stiffness matrix:

K =
∫

�e
BTDBd�, M =

∫
�e

ρNTNd�. (9)

Here, the cell-based smoothed strain is used to solve the stiffness matrix in the stiffness formulation, which is
discussed with more detail in Sect. 3.

Owning to the Bloch theorem, the elastic wave field can be expressed as a periodic function in the PCs
structure, reducing the analysis to a single unit cell. The displacement field u can be described by its relations
[43,44] as

ur = e jkxaul , ut = e jkyaub,

urb = e jkxaulb, ur t = e j (kx+ky)aulb, ult = e jkyaulb,
(10)

where j is the imaginary number, the subscripts l, r, b, t , and i denote the displacements corresponding to
the left, right, bottom, top, and internal nodes of the unit cell, as shown in Fig. 2, respectively. The double
subscripts mean the displacements of the corner nodes: for example, lb denotes the left bottom corner. For
a hexagonal lattice, the PCs is shown in Fig. 3. The periodic boundary conditions of displacements for the
hexagonal unit cell are expressed as [44]

u(x1) = u(x4)e
− j

(
kx

√
3a
2 +ky

a
2

)
, u(x2) = u(x5)e

− j (kya), u(x3) = u(x6)e
j
(
kx

√
3a
2 −ky

a
2

)
. (11)

According to the Bloch theorem, it can be defined the following transformation as

u = Tũ, T =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I 0 0 0
Iekxa 0 0 0
0 I 0 0
0 Iekya 0 0
0 0 I 0
0 0 Iekxa 0
0 0 Iekya 0
0 0 Ie(kx+ky)a 0
0 0 0 I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, ũ =
⎡
⎢⎣

ul
ub
ulb
ui

⎤
⎥⎦ . (12)

Substituting the transformation (12) into the governing equations in Eq. (8) results in the reduced coordinates

(TH(K − ω2M)T)ũ = 0, (13)

where the superscript H denotes the Hermitian transpose. Using symbol D to represent the expression of
TH(K − ω2M)T, Eq. (13) can be written to give the following eigenvalue problem:

D(kx , ky, ω)ũ = 0. (14)
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Fig. 3 The considered PCs model a the hexagonal lattice b corresponding hexagonal unit cell

Because each pair of (kx , ky) can describe the frequencies of propagating waves, the results of the dispersion
bands can subsequently be obtained. As the study introduced, the BGswill exist in the PCswhen two dispersion
surfaces do not overlap [44].

3 SFEM for smoothed stiffness in the model of phononic crystals

This section gives a brief introduction of the cell-based smoothing technique for calculating the smoothed
stiffness matrixK instead of the stiffness matrixK given in Eq. (13). In SFEMmodel, the cell-based smoothing
operation is performed to the gradient of displacement for each smoothing cell in an element. Firstly, the
unit cell is discretized into Ne quadrilateral elements containing Nd nodes, each element domain � is cut
into a number of smoothing cells [39], SC denotes the number of smoothing cells, meeting the demand of
�1 ∪ �2 ∪ ...�SC = � and �1 ∩ �2 ∩ ...�SC = ∅, shown in Fig. 4. Experience indicates that the optimal
number of SC is 3 or 4 for acoustic problems [40].

Applying the smoothing operation on the strain, the compatible strain in C-th smoothing domain can be
solved as [39]

ε̄C (x) = 1

AC

∫
�C

∇suh(x)d�C = 1

AC

∫
C

nCuh(x)dC =
Np∑
I=1

B̄C
I (x)dI , (15)

where c is the smoothed cell boundary, nC notes the outward normal vector matrix on the boundary c, and
∇s means a differential operator matrix defined as

∇s =
⎡
⎢⎣

∂
∂x 0
0 ∂

∂y
∂
∂y

∂
∂x

⎤
⎥⎦ . (16)

In Eq. (14), uh(x) is the displacement vector written as

uh(x) =
Np∑
I=1

NI (x)dI , (17)

where Np is the nodes number in the element, dI = [uI , vI ]T is the generalized nodal displacement at node
I , and NI (x) is the shape functions

NI (x) = diag(NI (x), NI (x)). (18)
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Fig. 4 Division of element into smoothing cells (SC) and the value of shape functions along cell boundaries

In Eq. (18), NI (x) is the shape function associated with nodeI.
The smoothed strain matrix, B̄C

I (x), can be defined as

B
c
I (x) = 1

AC

∫
C

⎛
⎝

NI nx 0

0 NI ny
NI ny NI nx

⎞
⎠d. (19)

According to the smoothing strain, ε̄C , in Eq. (2), the smoothed stiffness matrix K̄ can be obtained as

K =
SC∑
C=1

(B
C
I )T DB

C
I AC . (20)

4 Formulation of modified mass matrix in the phononic crystals model

Since finite elements can be distorted, it is customary to map the finite elements from a square parent element
(−1 < ξ < 1, −1 < η < 1), ζ and η denotes the coordinates in the natural (parent) element. The present
work transforms the integrals into the natural coordinate system as

Me =
∫ +1

−1

∫ +1

−1
NTN det(J)dξdη. (21)
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Like [34], using generalized integration rules to parameterize Gauss point’s location, Eq. (21) can be redefined
as

me =
4∑

i=1

WM
i (N(ξM

i , ηM
i ))TN(ξM

i , ηM
i ) det(J), (22)

where WM
i are the weights and (ξM

i , ηM
i ) are the local coordinates of the Gauss points.

A conventional 2 × 2 Gauss rule (WM
i = 1; ξM

i = ±√
1/3, ηM

i = ±√
1/3) is used to solve the matrix.

However, the previous research [34] indicates that the matching state of the discretized system can be well
realized by simply shifting integration points to unconventional locations of (±√

2/3, ±√
2/3) in the process

of matrix calculation.
In the present work, we use the unconventional locations of (±√

2/3, ±√
2/3) to calculate the mass matrix

of the PCs element, and then a modified mass matrix is proposed to balance the smoothed stiffness which
is created by SFEM. In numerical examples, the accuracy and convergence rate of the proposed algorithm is
studied in detail.

5 Numerical applications

In this section, numerical examples are studied in detail to investigate the prediction accuracy of the band
gap formation in PCs. For comparing the computational cost (time and memory requirements), the present
computations using MATLAB code were performed on a PC system with 8 GB of RAM and 2.30 GHz CPU
speed.

5.1 A square lattice with square scatterers

In this subsection, lead (Pb) columns embedded in an epoxymatrix are considered as shown in Fig. 5. The lattice
constant is a = 0.10 m, and the dimension of the Pb columns with square cross-section is b = 0.06m. Figure 5
shows the first irreducible Brillouin zone and the corresponding square unit cell. The corresponding material
properties for the Pb columns are given as: density ρPb = 11,600 kg/m3, Lamé constants λPb = 4.23 × 1010,
μPb = 1.49 × 1010. The material properties of the epoxy matrix are defined as: ρepo = 1180 kg/m3, Lamé
constants λepo = 4.43 × 109, μepo = 1.59 × 109.

Figure 6 shows the mesh distribution of the unit cell for the Pb/epoxy phononic crystal. The 10 × 10
meshes are uniformly distributed over the unit cell. To quantitatively study the numerical solutions, the general
estimate for natural frequencies’ errors is defined as

e(freq) =
∣∣ f exact − f h

∣∣
f exact

, (23)

X

M

(a) (b)

1Ω 2Ω

2 / aπ

Γ

Fig. 5 a The first irreducible Brillouin zone and b corresponding square unit cell with square scatterers
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Fig. 6 Mesh distribution of the PC in a square lattice with square scatterers
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Fig. 7 Natural frequencies of the first 30 modes at wave vector of M for C-FEM, M-FEM, SFEM, and M-SFEM

where f is themodal frequency. The superscript exact represents the exact or reference solution. The superscript
h denotes the solution obtained using a numerical method including the present M-SFEM, C-FEM (using
conventional Gauss integration points) and M-FEM (using unconventional Gauss integration points) with the
same meshes.

Using the model shown in Fig. 6, the natural frequencies of the first 30 modes along the M direction, X
direction by C-FEM, M-FEM and M-SFEM are shown in Figs. 7 and 8, respectively. To make a comparison,
a reference solution using a very fine mesh (10,121 nodes and 10,000 elements) is obtained using the software
package COMSOLMultiphysics [45]; the version is COMSOLMultiphysics 5.2. It is found that the solutions
from theM-SFEMcorresponding to the integration point with an unconventional location of (±√

2/3, ±√
2/3)

are much better than the solutions obtained from FEM using conventional or unconventional integration
locations. Furthermore, the M-SFEM results are even better than the results obtained from SFEM using the
conventional location of (±√

1/3,±√
1/3), as shown in Figs. 7 and 8. The mass matrix obtained from the

conventional integration location for both FEMandSFEMshowsweaker results as compared to unconventional
location strategies of the mass matrix.

The numerical solutions of the X–Y mode using conventional FEM (C-FEM), unconventional FEM (MR-
FEM) are both presented in Fig. 9. Those from the conventional (C-SFEM) and modified FEM (M-SFEM)
are both presented in Fig. 10. It can be found from these figures that the accuracy of the unconventional
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Fig. 8 Natural frequencies of the first 30 modes at the wave vector of X for C-FEM, M-FEM, SFEM, and M-SFEM

Fig. 9 Numerical solutions of X–Y modes using conventional and modified FEM

FEM, conventional FEM, conventional SFEM and modified SFEM (M-SFEM), are both dependent on the
frequency value. As the frequency becomes higher, the accuracy of the models is reduced. Another observation
is that the accuracy of the modified SFEM (M-SFEM) is much better than for the corresponding conventional
FEM, conventional SFEM (C-SFEM) and modified FEM (MR-FEM). For a more detailed investigation, the
convergence rates of the different numerical methods for various modes are given in Fig. 11. We can see
from the figure that the modified SFEM consistently demonstrates the best accuracy in comparison to the
conventional or modified FEM and conventional SFEM.

In order to investigate the computational cost for this numerical example, the work also presents the CPU
time and memory usage. The CPU times of the C-FEM and M-FEM are both the same, 54.4 s, while the CPU
times of the SFEM and M-SFEM are both the same, 23.6 s. The memory usage of these methods is the same
because the element number is not changed. Because of the cell-based smoothing technique, the computational
efficiency of SFEM is higher than that of C-FEM. While the M-SFEM just changes the integration location
for the system matrix, there is no change in computational efficiency of SFEM. Hence, the computational cost
of SFEM or M-SFEM is lower than that of C-FEM or M-FEM.



2288 L. Yao et al.

Fig. 10 Numerical solutions of the X–Y modes using conventional and modified SFEM
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Fig. 11 Comparison of convergence rates for different numerical methods over the wave vector of X a Mode 2, b Mode 5, c
Mode 10, d Mode 30

5.2 A square lattice with circular-shaped scatterers

Nowwe consider a binary locally resonant acoustic metamaterial (LRAM)with a lattice constant of a = 0.2m,
and unit cells consisting of epoxy with embedded rubber cylinders of radius r = 50 mm as shown in Fig. 12.
In the simulation, the material properties used for the epoxy are the same as those given previously, while the
density of the rubber, and the first and second Lamé constants are defined as ρrub = 1300 kg/m3, λrub = 6×105

and μrub = 4 × 104, respectively.
The dispersion curves of the first ten modes are shown in Fig. 13 and were obtained using the modified

SFEMwith a coarsemesh (478 nodes 437 quadrilateral elements). To provide a comparison, the results obtained
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r

(a)                    (b)

Fig. 12 a Corresponding square unit cell with circular-shaped scatterers, b mesh model

Fig. 13 Comparison of the dispersion band solutions obtained using different numerical methods. a Conventional FEM (C-FEM),
b Modified FEM (MR-FEM), c Conventional SFEM (C-SFEM), d Modified SFEM (M-SFEM)

from the conventional FEM, modified FEM and conventional SFEM with the same meshes are also shown in
this figure. The reference results are once again obtained from COMSOL Multiphysics 5.2 with a very fine
mesh (47,681 nodeswith 21,684 quadrilateral elements) and are also given in this figure. Excellent agreement is
observed in Fig. 13d between the modified SFEM using a coarse mesh (478 nodes 437 quadrilateral elements)
and the reference results from COMSOL [45]. This demonstrates that the modified SFEM is a very effective
tool for obtaining accurate dispersion bands for the metamaterial unit cell considered. Furthermore, a large
deviation between the conventional FEM (C-FEM) using a coarse mesh and the reference result is observed
in Fig. 13a, which is even more obvious in the higher modes. Compared to the conventional FEM, the results
from the modified FEM in Fig. 13b and conventional SFEM in Fig. 13c show higher accuracy. However, these
results are significantly worse than the modified SFEM results.

A comparison of the relative error over the wave vector M using different numerical methods is shown in
Fig. 14. Again, it is found that the modified SFEM performs significantly better in comparison with the other
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Fig. 14 Comparison of relative error at wave vector along direction M.

Fig. 15 a The first irreducible Brillouin zone, b corresponding hexagonal unit cell with circular-shaped scatterers

numerical methods considered, and the conventional FEM shows the highest error for both lower and higher
order modes. Furthermore, the errors continue to increase as the mode order increases.

5.3 A hexagonal lattice with circular scatterers

To test the present M-SFEM for other lattice geometries, now the authors consider a hexagonal lattice with
circular-shaped scatterers embedded in the epoxy matrix. Figure 14 shows the first irreducible Brillouin zone
and the corresponding hexagonal unit cell. The lattice constant is defined as a = 0.1 m, and the radius of the
cylindrical Pb scatterers is r = 0.02 m. Figure 15 shows the numerical results of the band diagrams obtained
using the conventional FEM, modified FEM, conventional SFEM and modified SFEM with the same coarse
mesh (465 nodes, 428 quadrilateral elements). The reference solutions are again obtained using commercial
FEM software COMSOL (14,585 nodes, 12,458 quadrilateral elements). As expected, the numerical solutions
obtained from the M-SFEM have the best agreement with the reference solution.
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Fig. 16 Comparison of band structures using different numerical methods. a Conventional FEM (C-FEM), b modified FEM
(M-FEM), c conventional SFEM(C-SFEM), d Modified SFEM (M-SFEM)

6 Conclusions

In this work, a modified smoothed finite element model is introduced to study the elastic wave propagation in
phononic crystals by incorporating the unconventional location of (±√

2/3, ±√
2/3) for mass integration and

a cell-based smoothed stiffness technique. By simply shifting integration points to unconventional locations
of (±√

2/3, ±√
2/3) in the mass matrix, the accuracy of the modified SFEM (M-SFEM) model is higher

than for the FEM and SFEM. Numerical examples are presented for PCs to demonstrate the advantages of the
M-SFEM. Some conclusions can be derived such as:

1. Like the C-FEM, M-FEM and SFEM, the M-SFEM gives poor solutions to analyze the band gaps in
phononic crystals for high frequencies.

2. Compared to M-FEM, C-FEM and conventional SFEM, the M-SFEM, incorporating the unconventional
locations of (±√

2/3, ±√
2/3) for mass integration and a cell-based smoothed stiffness technique, can

offer a softened model compared with the C-FEM andM-FEM. It can also match the state of the smoothed
stiffness and mass matrices and thus gives much better solutions than those obtained using C-FEM and
M-FEM and conventional SFEM.

3. Like the C-FEM,M-FEM and SFEM, theM-SFEM can easily be extended to solve fluid/solid or solid/fluid
phononic crystals with fluid–structure interaction (FSI). In the future, the M-SFEM can also be extended
to solve three-dimensional phononic crystals, even to calculate the electromagnetic band gaps problems.
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